HYPER-ATOMS APPLIED TO THE CRITICAL PAIR THEORY
YAHYA O. HAMIDOUNE

ABSTRACT. The isoperimetric method is very useful for proving many results regarding sumsets.
Here, we introduce the notion of a hyper-atom into the method, which overcomes a previous
weakness when dealing with atoms that are cosets. To show the utility of this new object, we give
a new isoperimetric proof of the cornerstone of classical critical pair theory: The Kemperman

Structure Theorem, proved in its so-called “dual” formulation.

1. INTRODUCTION

Let G be an abelian group and let A and B be subsets of G. The subgroup generated by A
will be denoted by (A). The sumset A+ B is defined as

A+B={r+y : xr€ Aand y € B}.

Let H be a subgroup of G. We shall say that H is a proper subgroup if H # G. We shall denote
by ¢p the canonical homomorphism from G onto G/H. We shall say that A is H-periodic if
A+ H = A, which is equivalent to A being a union of H-cosets. The stabilizer of A is the
subgroup H(A) = {r € G : A+ 2 = A} < G. A set having a nontrivial stabilizer is said to
be periodic. Sets with trivial stabilizer are called aperiodic. A basic tool in Additive Number
Theory is the following generalization of the Cauchy-Davenport Theorem due to Kneser.

Theorem A (Kneser [5] [18] [17]). Let A,B C G be finite, nonempty subsets of an abelian
group. If A+ B is aperiodic, then |A+ B| > |A| + |B| — 1.

The description of the subsets A and B with |A+ B| < |A|+|B|—1, obtained by Kemperman
in [13] (see also [5]), is a deep result in classical critical pair theory. A further step in this
direction was accomplished by Grynkiewicz in [4].

The present work is essentially self-contained. We assume only Kneser’s Theorem, Menger’s
Theorem (for directed graphs in the finite vertex case), Theorem 5 and Theorem 8. The last two
results, at least in the special cases we need, are proved in around two pages in [11]. We give
a more general result in Theorem 8 proved using the basic isoperimetric machinery developed
in [5, Ch. 21]. One of our aims is to present a methodology leading to an entirely new proof

of Kemperman’s result. This will be done by introducing the notion of a hyper-atom into the
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standard isoperimetric machinery. The isoperimetric method is one of the main tools for proving
sumset results [5, Ch. 21]. For instance, Theorem A can be proved via these means [2] [14]. The
idea of the method is to study a set S via certain auxiliary sets, called k-atoms and k-fragments.
Having control over the size of a k-atom is often important for the method. Unfortunately, while
there are good upper bounds for the size of k-atoms that are not cosets [5, Proposition 21.6],
there are only trivial ones possible when the k-atom is itself a coset. We will see an instance of
this dichotomy in Theorem 8. However, it is precisely in this latter setting that one can define
a notion of hyper-atom, giving a new tool for dealing with sets having cosets for k-atoms.
Let S be a finite subset of an abelian group G. For k£ > 1, let

Sk(8) ={X CG:00>|X|>kand |G\ (X +5)| > k}.

We shall write
kE(S) = min{|X + S| — | X|: X € Sk}.

A maximal cardinality subgroup H € Sy, with k;(S) = |H+S|—|H| will be called a k-hyper-atom.
When k = 1, we talk simply of hyper-atoms. In Section 3, we will see that hyper-atoms exist
and obtain the following result, which will be one of the first main steps towards our proof of the
Kemperman Structure Theorem: Assume that |S| < (|G| +1)/2 and k2(S) < |[S| — 1 and let H
be a hyper-atom of S. Then ¢ (S) is either an arithmetic progression or k2(¢m(S)) > |¢r(S)].

Let H be a subgroup of an abelian group G and A a subset of G. Given an H-coset o + H
that intersects A, where o € G, we call A, = (o« + H)N A # () an H-component of A. The
H-components naturally form a disjoint partition

A:L-IjAa, where each Ay, = (a+ H)NA £
ael
and I C G is a set of representatives for A modulo H. The notation W is used in place of
U to convey the additional information that sets in the union are disjoint. We refer to this
decomposition as the H-coset decomposition of A. An H-component A, # « + H is called
partially filled, and when A, = a + H it is instead called full.

e The set A is said to have an H -quasi-periodic decomposition if A is the union of an
H-component Ay C A and an H-periodic (possibly empty) subset A\ Ap. In such case,
Ag C A is called a partial component of the decomposition. It is uniquely determined
when A is not H-periodic.

e The set A is said to be H-quasi-periodic if either A is the union of an H-component
Ap € A and a nonempty H-periodic subset A\ Ay or if A is an H-coset. If A is
H-quasi-periodic for some nontrivial H < G, then A is called quasi-periodic.

Kemperman’s Structure Theorem is a precise if and only if characterization of all finite,
nonempty subset S and T of an abelian group satisfying |7+ S| < |S| + |T| — 1. The exact
description of Kemperman is quite complex, meaning there are several ways to state the theorem
that all imply the complete characterization. First, it is well-known that Theorem A implies
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10 (T)+¢n(S)| = |¢u(T)|+ |0 (S)| -1 with ¢ (T) +¢u (S) aperiodic, where H = H(T'+.5) [5,
Ch. 6]. Thus, to characterize such subsets, it suffices to consider the case when 7'+ S is aperiodic
with |T+S| = |T|+|S|—1. If |T+S| = |G| —1, it is relatively easy to characterize the possibilities
for S and T [5, pp. 122]. This case (corresponding to the fourth elementary structure in the
discussion below) has been excluded below solely to simplify the statement of Theorem 1. Next,
it is a standard normalization assumption to assume 0 € SNT with (I'+.S) = G. Kemperman’s
Structure Theorem shows that all such pairs are recursively constructed using quasi-periodic
decompositions and certain precisely described elementary pairs. In essence, it says that S and
T have H-quasi-periodic decompositions and either

(i) gives the precise elementary structure of ¢z (S) and ¢g(T') along with conditions that
ensure the theorem can be recursively applied to Sy + T, or

(ii) gives the precise elementary structure of Sy and Tj along with conditions that ensure
the theorem can be recursively applied to ¢ (S) + ¢u(T).

Formulation (ii) was that originally given by Kemperman. Formulation (i) is the so-called “dual”
formulation. It first appears in [16] and is equivalent to the formulation of Kemperman via a
simple consequence of the original first observed in [3]. See [5, Ch. 9] for a fuller discussion.
As such, one is at liberty to prove either the original or dual version of Kemperman’s Structure
Theorem. We will provide a proof of the dual version, given in Theorem 1 below.

Regarding the nature of the “elementary structure,” the structure given in Theorem 1 below
may at first seem weaker than the version of Kemperman’s Structure Theorem given in [5,
Theorem 9.2]. This is because there are two possible choices of how to define the four elementary
structures of Kemperman, and his theorem is valid using either set of definitions. One set of
definitions is more stringent, imposing additional conditions involving the number of unique
expression elements, and the other is more lax, not requiring this additional information. The
more stringent version provides more information at the expense of being more complicated to
work with, requiring potentially more iterations in the recursive process, while the less stringent
version is often sufficient in practice and is simply less refined in the iteration process. That
there are two alternative versions was already noted in Kemperman’s original paper. However,
as explained both in [5, pp. 120] and in the original paper of Kemperman [13], this seemingly
weaker version implies the stronger version in a couple pages. Since this is well-known and
standard, we do not repeat the argument here.

Theorem 1 will follow easily from Theorem 17 in Section 5, which will be proved using the

global isoperimetric methodology introduced in [11].

Theorem 1 (Kemperman [13] [5] [16] [3]). Let S and T be finite, nonempty subsets of the
nontrivial abelian group G with 0 € SNT, (I +S) = G and |S| < |T|. Suppose T + S is

aperiodic and

T+ 8| = T+ S| - 1 < |G| - 2.
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Then there exists a finite and proper subgroup H < G such that T and S both have H -quasi-

periodic decompositions with partial components Ty C T and Sy C S and one of the following
holds:

(1) ¢u(S) = {0},
(II) ¢u(T) and ¢ (S) are arithmetic progressions of common difference with both ¢ (1) and
o (Sp) initial terms in their respective progressions, or
(1) ¢u(T) + ¢u(S) = G/H with |¢u(T)| + |¢u(S)| -1 = |G/H|
Moreover, the above conditions imply that Ty + Sy is aperiodic, that |Ty + Sp| = |Ty| + |Sg| — 1,
and that ¢ (Ty) + ¢u(Sy) is a unique expression element in ¢ (T) + du(S).

The organization of the paper is the following. Section 2 develops the preliminaries, including
the strong isoperimetric property. In Section 3, we prove a basic property of hyper-atoms. In
Section 4, we describe T when S is H-quasi-periodic with ¢z (S) an arithmetic progression. In
Section 5, we prove the %”—T heorem, which is the main isoperimetric consequence used to prove
Theorem 1. In Section 6, we complete the proof of Theorem 1. In the last section, we investigate
the strong isoperimetric property in more detail. In particular, we will give a variation valid in

the non-abelian setting and with the hypothesis |T'| > k removed from Theorem 10.

2. TERMINOLOGY AND PRELIMINARIES
We recall the following result, which is a simple application of the pigeonhole principle.

Lemma B (Folklore [17] [5]). Let G be a finite group and let A and B be subsets of G such that
|A| + |B| > |G| + t, where t > 1 is a positive integer. Then every element of G has t distinct
representations of the form x +vy with x € A and x € B.

We continue with an easy lemma.

Lemma 2. Let G be a cyclic group generated by an element d € G and let P C G be a finite
arithmetic progression with difference d. Let X be a finite, nonempty subset of G. Then

(1) X + P| > min{|G], |X| + [P| - 1}.

If | X+ P|=|X|+|P|—1 and |P| > 2, then X is an arithmetic progression with difference d if
one of following holds:
(i) X+ Pl <G| -1,
(i) [P| =2,
(ili) X 4+ P contains a unique expression element z = x +y with x € X and y either the first
or last term of P, or

(iv) |X| > 3 and X + P contains two unique expression elements.

Proof. To prove (1), we may w.l.o.g. translate P so that its first term is 0. Then note that, if
there is some x € X such that  +id ¢ X for i € [1,|P| — 1], then it follows that | X + P| >
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(X +0)U (x+ P)| = |X|+ |P| — 1, while if this fails, then X + P = G easily follows. Now
assume that | X + P| = |X|+ |P| — 1 and |P| > 2.
Assume first that |G| > |X + P|. Since |P| > 2, we may w.l.o.g. take P = {0,d} + ...+ {0, d},

where k = |P|—1 > 1. In order to have | X + P| = | X| + k, we must have | X + {O,d}T =|X|+1
in view of (1). Hence X is an arithmetic progression with difference d.

Assume now that X +P = G, so that |G| = | X +P| = | X|+|P|—1. We may assume |X| > 2,
else X is trivially an arithmetic progression with difference d, and now |P| = |G| — | X| 4+ 1 <
|G| — 1. If |P| = 2, then |X| = |G| — 1, and hence X is an arithmetic progression with
difference d. So we may assume |P| > 3. Now consider the case when X + P contains a unique
expression element z = x + y with x € X and y either the first or last term of P. Then
P* = P\ {y} is also an arithmetic progression with difference d and |P*| = |P| —1 > 2.
Moreover, |X|+ |[P*| -1 < | X + P*| < | X+ P| -1 = |X|+|P*| -1 < |G|, with the first
inequality form (1), and now applying case (i) to X 4+ P* completes the proof.

Finally, assume |X| > 3 and that X+ P contains two unique expression elements. Let z = z+y
with x € X and y € P be one of these unique expression elements. Letting X* = X\ {z}, we see
that | X*|+|P|—-1 < |X*+P|<|X+P|—-1=|X*|+|P|—-1=|G|—1. Thus X*+P =G\ {z}
and, by case (i), we conclude that X* = X \ {z} is an arithmetic progression with difference
d. Moreover, | X*| = |X|—1 > 2. But now, since |P| > 2, it is easily seen that only unique
expression elements in X* + P = G\ {z} are the first term of X* added to the first term of
P and the last term of X* added to the last term of P. Since X + P contains two unique
expression elements, one of the unique expression elements from X*+ P = G\ {z} must remain
disjoint from x 4+ P. However, it is easily seen that the only way this can be is if = either follows
directly after the last term in X™ or directly before the first term in X*. In either case, X is an
arithmetic progression with difference d. O

The isoperimetric method is a global approach introduced by the author which derives additive
inequalities from the properties of fragments and atoms. The reader may refer to the recent
paper [11] for an introduction to the applications of this method as well as [5, Ch. 21].

Let S be a finite generating subset of an abelian group G with 0 € S. For a subset X C G,
we define the boundary of X as

Os(X)=(X+95)\X.
The boundary of X with respect to —S will be written g (X). We define the co-image of X as

Vs(X) =G\ (X + ).

The co-image of X with respect to —S will be written V¢ (X). The references to S will often
be omitted. A subset X with |V(X)| > | X| will be called faithful with respect to S. We remark
that faithful subsets play an important role in the non-abelian case.
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The next lemma is related to the notion of dual pairs and saturation (see [5, Exercise 7.3] [4]
[2]), used in more rudimentary form by Vosper [19] and also Lee [15].

Lemma C. Let S be a finite generating subset of an abelian group G with 0 € S. Let X be a
subset of G. Then V¢ (Vs(X))+S5=X+S.

Proof. To show X +5 C V—(V(X)) + S, it suffices to show X C V~(V(X)). However, if this
fails, then there is some z € X with x ¢ G\ (V(X) — S), which implies z € V(X) — S. Thus
r=d—swithseSandd e V(X) =G\ (X +5). But thend =x+s € X + 5, contradicting
the definition of d. This establishes the inclusion

X+SCV (VX)) +S5.

If <V7(V(X)) + S> NV(X) # 0, then there would be some x € V(X) with 2 = d+ s, where
s€eSandde G\ (V(X)—S). But then d =2 —s € V(X) — 5, contradicting the definition of
d. Therefore

(V*(V(X)) + S) N (G \ (X + S)) - (V*(V(X)) + S) NV(X) =0,
implying the reverse inclusion. O

We shall say that a finite subset X C G induces a k-separation if | X| > k and |V(X)| > k, that
is, X € §;(S). We shall say that S is k-separable if some finite X C G induces a k-separation,
that is, Sg(S) # 0.

Suppose that S is k-separable. The k-th connectivity of S is defined as

kE(S) = min{|0(X)] : oo > |X| >k and |V(X)| > k}.

Clearly x1(S) < ... < rkg(9).

e A finite subset X C G such that | X| > k, |[V(X)| > k and |0(X)| = k(5) is called a
k-fragment of S.
e A k-fragment with minimum cardinality is called a k-atom.

It will be helpful to have in mind the following well-known lemma implicit in [9]. See also [5,
Ch. 21].

Lemma 3. Let S be a finite generating subset of an abelian group G with 0 € S. Suppose that S
s k-separable and let F' be a k-fragment of S. Then —S is k-separable. Moreover, the following
hold:

(i) Kk (S) = Kr(=5).
(ii) If G is finite, then V(F) is a k-fragment of —S.
(iii) Any k-atom is faithful.
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Proof. Let X C G be a nonempty subset. The inclusion —S + G\ (X +5) C G\ X is readily
verified by arguments similar to those used in Lemma C. But this implies

9= (V(X)) = (—S+G\(X+S))\(G\(X+S)) C (G\X)\(G\(X+S)) — (X+5)\X = 9(X).

In particular, —S is k-separable. Notice that we needed G to be abelian for the inclusion in the
above argument. It is easily noted that if X is a k-fragment of S, then —X will be a k-fragment
of —S. Thus (i) follows.

Since F'is a k-fragment, we have |V (F)| = |G\(F+S5)| > kand |G\V(F)| = |F+S| > |F| > k.
As a result, it follows that

ri(S) = |0(F)] = [0 (V(F))| = rir(=5) = #r(S5),

where the first equality and the second inequality follow from the definitions involved (since G
finite implies V(F) is finite), the first inequality from the displayed equation above, and the
final equality from part (i). Thus (ii) holds.

In order to show (iii), we may assume that G is finite. Let A be a k-atom of S and let A’ be a
k-atom of —S. It follows from the definitions that —F' is a k-fragment of —S if F' is a k-fragment
of S. Thus |A| = |A'| < |V(A)|, with the inequality following from (ii). O

Notice that (i) can fail for infinite non-abelian groups and that (iii) can fail for finite non-
abelian groups.

We shall say that S is a Vosper subset if, for all finite X C G with |X| > 2, we have
| X + S| > min{|G| — 1,|X| + |S|}.

Let S be a k-separable subset. Notice that k(S) is the maximal integer such that, for every
finite subset X C G with | X| > k, we have

2) X + 9] Zmin<]G| —k+1,]X]| +Hk(5)).

Formula (2) is an immediate consequence of the definitions. We shall call (2) the isoperimetric
inequality. The reader may use this formula as a definition of kj(S5).
Let us point out that S is 1-separable if and only if § # G. The following lemma, implicit in

some previous papers, describes useful relations between k1 and ko.

Lemma 4. Let S be a finite generating subset of an abelian group G with 0 € S and let X be a
subset of G. The following hold.
(i) If S # G, then k1(S) < |0({0})| = |S| — 1.
(ii) If S is 2-separable and ky < |S| — 1, then ko = K1.
(iii) Suppose that S is 1-separable and k1 < |S| — 2. Then S is 2-separable. Moreover X is a
1-fragment (resp. 1-atom) of S if and only if X is a 2-fragment (resp. 2-atom) of S.

Proof. Note that (i) is obvious. Assume that ko > k; and take a l-atom A of S. Then
S| =1 > ke > k1 = |A+ S| — |A|. It follows that |A| > 2. Since A is faithful by Lemma
3(iii), we have |V(A)| > |A| > 2. Thus k2 < |A+ S| — |A| = k1, a contradiction. The proof
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of (iii) follows by a similar argument. The only potential difficulty is in showing there is no
1-fragment F' with x1(S) + |F| = |F + S| = |G| — 1. However, if this were the case, then
|S| 4+ |F| — 1> ki1(S) + |F| + 1 = |G|, whence Lemma B give F' + S = G, which is not possible
for a 1-fragment F'. O

The basic intersection theorem is the following.

Theorem 5. [9] [11] [5, Theorem 21.1] Let S be a finite generating subset of an abelian group
G with 0 € S. Let A be a k-atom of S and let F be a k-fragment of S such that |[ANF| > k.
Then A C F. In particular, distinct k-atoms intersect in at most k — 1 elements.

The structure of 1-atoms is the following.

Proposition 6. [7] [6] Let S be a finite generating subset of an abelian group G with 0 € S and
S # G. Let H be a 1-atom of S with 0 € H. Then H is a subgroup. Moreover, k1(S) > @
Proof. Take x € H. Since x € (H + )N H and since H + z is a 1-atom, we have H +x = H by
Theorem 5. Therefore H is a subgroup, which must be proper in view of |H + S| < |G| (from
the definition of a 1-atom). Thus, since S generates G, we have |H + S| > 2|H|, and hence
k1(S) = [H + 5] - |H| > M35 > 1, .

Recently, Balandraud introduced some isoperimetric objects and proved a strong form of
Kneser’s Theorem using Proposition 7.

Proposition 7. [7] [6] Let S be a finite subset of an abelian group G with 0 € S. Suppose
H = (S). Let T be a subset of G, let T = ) ,;
V C I be those a € I with |T,, + S| < |H|. Then

T, be the H-coset decomposition of T, and let

B
(3) T+5S] > (loa(T)| - VDIH|+ > |Tal + VIS
acV
S
> T+ ]V|u
2
Proof. For every a € V, Proposition 6 gives
5]
[T+ S| = [(Ta = @) + 5| = |Ta —a| + 51 = [Ta] + .
Now (3) follows since T+ S = Jye;(Ta + S) is the H-coset decomposition of 17"+ S and
|0u(T)| = |1]. O

We will only need the following theorem in the case when xo(S) < |S| — 1, for which it may
be found (in various forms) in [8] [10] [11]. We give a more general result here using the results
from [5, Ch. 21].
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Theorem 8 (Grynkiewicz). Let S be a finite generating subset of an abelian group G with 0 € S.
Suppose that S is 2-separable and let X be a 2-atom with 0 € X. Then either X is a subgroup
or

X < ra(S) — IS]+ 3.

In particular, if ko(S) < |S| —2, then X is a subgroup, and if k2(S) < |S| — 1, then either X is
a subgroup or | X| = 2.

Proof. If ko(S) < |S|—2, then £1(S) < |S| —2 in view of k1(.5) < k2(.S). Thus Lemma 4 implies
that any 2-atom X is also a l-atom, and now Proposition 6 implies that X is a subgroup.
Therefore we now assume k2(S) > |S| — 1, so that k2(S) — |S| + 3 > 2. In particular, we may
also assume |X| > 3, else the proof is complete.

Assume X is not a subgroup. Then [5, Proposition 21.8] implies that X is a Sidon set:
X — X|=|X?—|X|+1. Let H=(X) and observe that

(4) [H| > X = X| =X~ [X]+1>2]X[+1>|X]+4,

where we have made free use of [X| > 3 above. Let S = l§,c; Sa be the H-coset decomposition
of §. If |Sa| = 1 for some « € I, then all elements of X + 5, are unique expression elements. In
this case, letting X* = X \ {z} for some x € X, we have ko(S) = | X + 5| —|X| > | X*+ 5| — | X*|
with |X*| = |X| —1 > 2. Hence |X*| contradicts the minimality of |X| for the 2-atom X.

Therefore, we instead assume |S,| > 2 for every « € I, in which case [5, Corollary 21.1] implies
X + Sl = min{|H| - 1, |Sa| +2|X| - 3}

for all a € I.
If | X + Sa| > |Sa| +2|X| — 3 for some « € I, then

X +SI= > [X+Ssl+IXat+S> Y |9+ Sl +2[X| -3 =8| +2|X]| - 3.
Bel\{a} Bel\{a}

Since | X + S| — |X| = k2(S5), the above inequality yields | X| < ka(S) — |S| + 3, as desired.
Therefore we may instead assume |X + S,| > |H| — 1 for every a € I.

If | X +So| =|H|—1and |X + S| = |H| — 1 for some distinct o/, a € I, then Lemma B
implies that |S, |+ |X| < |H| and |Sy| + | X| < |H|. It follows that

X485 = Y X485+ Xat+ S|+ Xa+S[> Y [Ssl+21H| -2 > [5]+2X] -2,
pel\{a,a’} pel\{a,a’}
and the proof is complete as before. Therefore we can assume there is at most one a € I with

| X + So| = |H| — 1, while | X + S4| = |H| for all other 8 € I \ {a}. In particular,

(5) |H+S|=H+X+S5|<|X+S|+1.
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As a result, since | X + S| < |G| — 2 (as X is a 2-fragment), there must be some H-coset
disjoint from H + S, whence |H + S| < |G| — |H| < |G| — 2. We also have |H| > 2 and

|[H+S|—|H| <|X+S|+1—-|H| <|X+S5|—|X|—-3=ra(S) — 3,

with the first inequality from (5) and the second from (4), which contradicts that X is a 2-
fragment of .S, completing the proof. O

Corollary 9 ([8] Theorem 4.6). Let S be a finite generating subset of an abelian group G with
0 € S. Suppose that S is 2-separable, |S| < (|G| +1)/2 and k2(S) < |S] — 1.
If S is not an arithmetic progression, then there is a subgroup H which is a 2-fragment of S.

Proof. Suppose that S is not an arithmetic progression and let H be a 2-atom with 0 € H. If
k2(S) < |S| — 2, then Theorem 8 implies that H is a subgroup, and the result holds. Assume
now that
ra(S) =S| - 1.

In view of Theorem 8, it is enough to consider the case |H| = 2, say H = {0,z}. Then
k2(S) = |S| — 1 implies that |[S + H| = |S| + |H| — 1 = |S| + 1, which is only possible if
S = Sy WSy with Sy an N-periodic subset and Sy # () an arithmetic progression with difference
x, where N = (). We must have Sy # (), since otherwise S would be an arithmetic progression.
In particular, N is finite and proper. There must an N-coset disjoint from S, as otherwise
S| > (|G/N|—=1)[N|+|Sp| > |G| — N|+1 > |G| +1, contrary to hypothesis. Thus [N + 5| <
|G| — |N| < |G| — 2. Consequently, by the definition of k2 and the structure of S, we have

S| —1=ro(S) < |[N+S[—|N|
S|+ IN| = [Sp| — [NV
S |S’_1a

and hence N is a 2-fragment. O

Corollary 9 was used to solve Lewin’s Conjecture on the Frobenius number [10]. Corollary
9 coincides with [8, Theorem 4.6]. A special case of this result is Theorem 6.6 of [10]. As
mentioned in [12], there was a misprint in this last statement. Indeed |H| + |B| — 1 should be
replaced by |H|+ |B| in case (iii) of [10, Theorem 6.6].

Alternative proofs of Corollary 9 using Kermperman’s Structure Theorem (with |S| < |G|/2
replacing |S| < (|G| 4 1)/2) were obtained by Grynkiewicz in [3] and Lev in [16]. In the present
paper, Corollary 9 will be one of the pieces leading to the proof of Kemperman’s Theorem.

We need the following consequence of Menger’s Theorem proved in [11]. Proposition 10
follows from [11, Corollary 32] by the same argument used to prove [11, Proposition 33]. In
fact, it is simply an immediate consequence of [11, Corollary 32] and should be compared with
[11, Proposition 33]. We remark that the condition |¢x(T")| > |¢pr(S)| — 1 is missing from the
hypotheses of [11, Proposition 33]. Just like the condition |T'| > k in Proposition 10, it is clearly
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needed. It was left off the statement of [11, Proposition 33] as an oversight, and it should be
X = XoU...UX; as well in the statement of [11, Proposition 33].

Proposition 10. [11] Let k > 0 be an integer and let S and T be finite, nonempty subsets of
the abelian group G such that 0 € S,

k1(S) >k, k+|T|<|Gl and |T|>k.
Then there is a subset X C T with |X| =k and s, € S for each v € X such that
{z+s,:20€e X} C(T+95\T
is a set of | X| = k distinct elements.

Note the s, need not be distinct in Proposition 10 and that the proposition is rather trivial
unless (S) = G (as otherwise k1(S) = 0). We call the property given in Proposition 10 the
strong isoperimetric property. Let H < G be a subgroup and let T = &JaeIT T,, S= E'Jﬁefs S
and T+ 5 = vae ;7 C4 be the corresponding H-coset decompositions of T, S and T+ S. If
|0 (T) + ¢ (S)| = |J| is large, then the number of H-components in 7'+ S is large, but this
may not be enough to show that |T" + S| is large. It is conceivably possible that 7" and S have
a small number of H-components that are each very small in size (for instance, of size 1), while
at the same time many H-components in 1"+ S are simply of the from T,, + Sz with both T,
and S, one of these small components. Then, even though 7'+ S has many H-components, too
many of these components would be unreasonably small, un-naturally reducing the size of T+ .S
due to this skewed distribution of sums in ¢ (T) + ¢5(S). Applying the strong isoperimetric
property in G/H to ¢y (S) and ¢y (T) shows that this is not possible.

We will investigate the strong isoperimetric property in more detail in Section 7 with addi-
tional details given there, including a proof of a more general version of Proposition 10 as well

as a version valid without the restriction |T'| > k.

3. HYPER-ATOMS

In this section, we investigate the new notion of a hyper-atom. Let S be a generating subset
of an abelian group G with 0 € S. Recall that, in view of the isoperimetric inequality (2), S is
a Vosper subset if and only if S is not 2-separable or k2(S) > |S].

Lemma 11. Let S be a finite generating subset of an abelian group G with 0 € S. Suppose S is
Vosper and let X C G be a subset with | X| > |S| and | X + S| = |X| +|S| — 1. Then, for every
y €S, we have | X + (S\ {y})| > |X|+ 5] — 2.

Proof. The result clearly holds if |S| < 2. So we may assume that |S| > 3. By the definition
of a Vosper subset, we have | X + S| > |G| — 1. Assume first that |X| = 3 and hence |S| = 3.
Then the result holds unless | X + 5\ {y}| = | X|. Assuming the last equality, then X is a coset
of some subgroup H of order |H| = |X| = 3. Now either S is also an H-coset, in which case
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X + S\ {y} = X + S follows trivially, or else |¢x(S)| > 2, in which case | X + S| > 2|X| = 6,
contradicting that | X + S| = |X|+|S| —1 = 5. So we may assume that | X| > 4.

Suppose that | X +S\ {y}| < |X|+]S|—3 and take a 2-subset R of (X +5)\ (X +S\{y}). We
have R—y C X. Also X\ (R—y)+S C (X+S5)\R. Thus | X\(R—y)+S| < | X|+]S|-3 < |G|-2,
contradicting the definition of a Vosper subset in view of | X| > 4. g

Let us prove a lemma about fragments in quotient groups. See also [5, Proposition 21.5].

Lemma 12. Let G be an abelian group and let S be a finite generating subset with 0 € S and
S #£ G. Let H be a subgroup which is a 1-fragment. Then H is faithful and

(6) r1(ou(S)) = [om(5)] — 1.

Let K/H be a subgroup which is a 1-fragment of ¢ (S), where H < K < G, and assume that
K is a nontrivial subgroup. Then K is a 2-fragment of S.

Proof. Since |G| > |H + S|, so that |G| — |H| > |H + S|, we have |V(H)| = |G| — |H + S| > |H|.
Hence H is faithful. Since |H + S| < |G| with H + S being H-periodic, we have ¢ (S) # G/H,
and hence ¢ (9) is 1-separable. Put |¢n(S)| = u+ 1, so k1(S) = u|H]|.

Let ¢ (X) C G/H, where X C G with H + X = X, be such that ¢ (X) + ¢ (S) # G/H.
Clearly H+ X + S5 =X 4+ 5 # G. Then

01 (X) + ou(S)|[H| = |X + 5] = [X]| + £1(S) = [X| + u[H| = | (X)[|H| + u|H].

Hence k1(¢pg(S)) > u = |¢g(S)| — 1. The reverse inequality is obvious and follows by Lemma
4(i). This proves (6).

Let K/H be a subgroup which is a 1-fragment of ¢ (), where H < K < G. Then (6) implies
G/H| - |K/H| > |K/H + ¢u(S)| = [K/H| + r1(¢r(5)) = |K/H| + u. Thus

Gl = [K[ = [K+ 5] =[H+ K+ 5| = [H|(|K/H + ¢u(5)|) = |K| + ulH| = |[K| + £1(S5).

Hence the nontrivial subgroup K shows that S is 2-separable with x2(S) < k1(S). As k1(5) <
k2(S) holds trivially, it follows that ko(S) = k1(S) with K a 2-fragment. O

Let S be a finite generating subset of an abelian group G with 0 € S and S # G. Proposition
6 states that there is a 1-atom of S which is a subgroup. A maximal cardinality subgroup which
is a 1-fragment will be called a hyper-atom of S. This definition may be adapted to non-abelian
groups. As we shall see, the hyper-atom is more closely related to the critical pair theory than
the 2-atom.

Theorem 13. Let S be a finite generating subset of an abelian group G with 0 € S. Suppose S
1s 2-separable,

S| < (1G] +1)/2  and  ro(S) <|S| - 1.

Let H be a hyper-atom of S. Then ¢y (S) is either an arithmetic progression or a Vosper subset.
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Proof. By Lemma 4, k2(S) = k1(5). Let us show that
(7) 2lpn(S)| -1 <|G/H|.

Clearly, we may assume that G is finite. Observe that 2|S + H| — 2|H| = 2k < 2|S| -2 < |G|,
with the first inequality from Lemma 4(i) and the second by hypothesis. It follows, since |S+ H|
is a multiple of |H]|, that 2|S + H| < |G| + |H|, and hence (7) holds.

Suppose now that ¢g(S) is not a Vosper subset. By the definition of a Vosper subset, it
follows that ¢ (S) is 2-separable and r2(¢n(S)) < |¢pu(S)| — 1. Thus Lemma 4 implies that
k2(9n(S)) = K1(ou(S)).

Observe that ¢ (S) cannot have a 2-fragment M/H which is a nontrivial subgroup, where
H < M < G. Otherwise, M /H will be a 1-fragment of ¢ (S) in view of k2(¢dr(S)) = k1(¢pr(S)),
whence Lemma 12 implies that M is a 2-fragment of S strictly containing H, and thus also a
l-atom of S in view of k1 = Ko, contradicting the maximality of H. In consequence, (7) and
Corollary 9 imply that ¢ (S) is an arithmetic progression. O

Theorem 13 implies a result proved by Plagne and the author [12] and some extensions of it,
proved using Kermperman’s Theory, obtained by Grynkiewicz in [3] and Lev in [16]. The two

main new facts in Theorem 13 are the following:

e The subgroup H in Theorem 13 is well described as a hyper-atom.
e The equality |H+S|—|H| = k1 is more precise than the inequality |H+S| < |H|+|S|—1
in the previous results. This equality will be needed later.

4. PAIRS INVOLVING A QUASI-PERIODIC MODULAR PROGRESSION

We shall deal with sets not necessarily containing 0. The important group in the isoperimetric
approach is
(S)e = (5= 5),
which is the minimal subgroup H < G such that S is contained in an H-coset. It is easy to

show that (S) = (S). when S contains 0.

Lemma 14. Let S and T be finite, nonempty subsets of an abelian group G such that
T + S is aperiodic ~ and |T+S|=|T|+|S| - 1.

Then T has a (S)«-quasi-periodic decomposition with partial component Ty C T. Moreover,
Ty + S is aperiodic and |Ty + S| = |Ty| + S| — 1.

Proof. By translation, we may w.l.o.g. assume 0 € S NT. The case |S| = 1 is trivial. Assume
that |S| > 2 and put H = (S)« = (5). Let T' = |§ ,c; T be the H-coset decomposition of 7" and
let V C I be all those « € I with |T, + S| < |H|. By (3),

S
748 = 7]+ Vo]
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Consequently, since T+ S is aperiodic with H nontrivial, it follows that |V| = 1. Let Ty C T be
the H-component corresponding to V. Since T+ S is aperiodic, Ty + S must be aperiodic (as
all other H-components are full by definition of V). By Theorem A, |Tj + S| > |Ty| + |S| — 1.
Therefore,

T|+[S] 1= T+ = > |Ta+SI+Ty+5S> > |Tal+|Tyl+]S|—1=|T|+|S| - 1.
acl\V acl\V

Thus we must have equality in all the above estimates. In particular, [Ty + S| = |[Ty| + |S| — 1
and |Ty, + S| = |Ty| for all a € I\ V. However, by definition of V, we have |T, + S| = |H| for
all @ € I'\ 'V, and the result is now obvious. O

Lemma 15. Let S be a finite generating subset of an abelian group G with 0 € S. Let T be a
finite, nonempty subset of G such that

T + S is aperiodic ~ and |T+S|=|S|+|T| — 1.

Suppose that S has an H-quasi-periodic decomposition with partial component Sy C S such that
o (S) is an arithmetic progression with ¢ (Sy) the first term in ¢ (S). Then T also has an
H -quasi-periodic decomposition with partial component Ty C T such that

e ¢ (S) and ¢y (T) are arithmetic progressions of common difference and
o ¢ (Ty) and ¢ (Sy) are each the first term in their respective arithmetic progression.

Proof. If |¢pp(S)| = 1, then S = Sy and H = G (since (S). = G by hypothesis), and now the
result is trivial. Therefore we may assume |pg(S)| > 2, so that S\ Sy # 0 with G nontrivial.
If H is trivial, then T+ S aperiodic implies that |7+ S| < |G|, in which case the result follows
from Lemma 2. Therefore we may assume H is nontrivial. Since T'+ S\ Sy is H-periodic but
T + S is aperiodic, there must be at least one unique expression element in ¢g(T) + ¢ (S) of
the form ¢ (Ty) + ¢r(Sy) with Ty C T an H-component of T'.
Let [¢1(T) + ¢ (S\ Sp)|l = [¢u(T)| + |6u (S \ Sp)| + w with u € Z. Then

(8) T+S| > [T+ S\ Syl + [Ty + Spl = |Hl|lou(T) + du(S\ Sp)| + |Tp + Sp|
|T + H| +|S\ Sp| +u|H| + |Ty + Spl
> |T+ H|+|S\ Sp| + ulH| + |Sp|

Since |T+ S| = |T'| +|S] — 1, it follows that u < —1. However, since ¢ (S \ Sp) is an arithmetic
progression—as ¢ (Sy) is the first term in the progression ¢z (S)—Lemma 2 implies that u >
—1. Thus

u=—1.

Suppose there is another H-component Ty C T such that ¢y (7)) + ¢u(Sp) is a unique
expression element in ¢y (T) + ¢y (S). Then the estimate (8) can be improved by [Ty + Spl.
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Moreover, we trivially have |Tj; 4+ Sy| > |Tj| > |H| — (|]T + H| — |T'[). Thus we obtain

IT+S| > |T+H|+|S\ So| — |H| + Ty + Syl + |T}) + Syl
> T+ H|+|S\ Syl — |H|+|Sp| + |H| - |T + H| + |T| = |T| + S|,
contrary to hypothesis. So we instead conclude that
T4+ 85 = (T+S\S@)H(T@+S@).

In particular,

01 (T) + o (S)|

08 (T) + ou(S\ Sp)l +1 = [6u(T)| + [6u(S\ So)| +u+1

(9) 0m(T)] + |¢u(5)] - 1.

Also, since T + S is aperiodic and T + S\ Sy is H-periodic with H nontrivial, it follows that
Ty + Sy is aperiodic. Hence Theorem A implies |Tj + Sp| > |Ty| + |Sg| — 1, and now (8) yields

T+ S| = [T+ H[+[S\ Syl — [H| + [T + Sy
> T+ H|+|S\ Syl — [H| + |Ty| + [Sg| — 1
> T\ Tp+H|+|Tp| +|S| —1>|T|+|S| - 1.

In view of [T+ S| = |T| 4+ |S| — 1, we must have equality in all estimates used above. In
particular, |T'\ Ty + H| = |T'\ Tj|, implying 7" has an H-quasi-periodic decomposition with
partial component Tj. In view of (9), applying Lemma 2(iii) to ¢u(T") + ¢u(S) implies that
¢ (T) is an arithmetic progression of the same difference. Moreover, since |¢x(S)| > 2, the
only way ¢ (Ty) + ¢r(Sy) can be a unique expression element in ¢g(T') + ¢ (S) is if ¢pu(Ty)
is also the first term in ¢ (T"), completing the proof. O

Lemma 16. Let S and T be subsets of a finite abelian group G with 0 € SNT and (S) = G.
Suppose

T+ S is aperiodic ~ and |T+S|=|S|+|T|— 1.
Then Vg(T) — S is aperiodic and |Ng(T) — S| = |Vs(T)| + |S| — 1.
Proof. Lemma C implies that T+ S =V~ (V(T))+S = G\ (V(T) - S)+ S is aperiodic, whence

the summand G \ (V(T') — S) is also aperiodic, and thus its complement V(7') — S too. Clearly
V(T)-S=G\(T+S5)— S CG\T. Thus,

V(1) =S| < |G|=[T] = |G\ (T+9)|[+[T+S|=[T| = [V(T)|+[T|+|5|-1-|T| = [V(T)|+]S] - 1.

On the other hand, since V(T')— S is aperiodic, Theorem A implies |V (T)—S| > |V(T)|+|S|—1,
so that equality must hold. O



16 YAHYA O. HAMIDOUNE

5. THE 22-THEOREM

The following result encodes efficiently the critical pair theory.

Theorem 17. Let S and T be finite subsets of a nontrivial abelian group G with 0 € T NS and
(S) = G. Suppose |S| < |T|, T+ S is aperiodic, and

2|G| + 2
|L)Z|T+S]:|S|+|T]—1.

Let H be a hyper-atom of S. Then S and T have H -quasi-periodic decompositions with partial
components Ty C T and Sy C S such that

e ¢y (S) and ¢ (T) are both arithmetic progressions of common difference and
o ¢ (Sy) and ¢pu(Ty) are each the first term in their respective progression.

Furthermore, Ty + Sy is aperiodic, |Ty + Sp| = |Tp| + 1So| — 1, and ¢ (Ty) + ¢u(Sp) is a unique
expression element in ¢ (T) + ¢ (S).
Proof. Since G is nontrivial with (S). = G, we have

SI+1T] 2161 +5, _ |G
< =
2 =1 6 I< 3

2<8| < +1,
whence |G| > 4. Thus |T'| > |S| > 2 with [T+ S| < % < |G].

Suppose S is an arithmetic progression. Then Lemma 2(i) implies that S and T are both
arithmetic progressions of common difference. It remains to show that a hyper-atom for .S must
be trivial. Let H be a hyper-atom of S. Then, since (S), = G with S an arithmetic progression,
and since H + S # G, we have k1 = |H + S| — |H| = |H|(|l¢ou(S)| — 1) = [H|(|S| — 1).
Thus Lemma 4(i) implies |H| = 1, as desired. So we now assume S is not an arithmetic
progression. In particular, |S| > 3, so that 3 < [S| < @ +1< MTH Hence |G| > 7 and
T+ S| < % < |G| — 1. Thus the set T'C G shows that S is 2-separable with

Ka(S) < |S] — 1.

By Theorem 13, we find that either ¢z(S) is an arithmetic progression or a Vosper subset. As
a result, since S is not an arithmetic progression, and since S is 2-separable with ko < |S| — 1,
so that S is not a Vosper subset, we conclude that |[H| > 2 with H also a 2-fragment of S. Since
H must be proper (as H + S # G) and since (S). = G, it follows that ¢y (S5)| > 2. Let Cs be
the set of H-components of S and let Cr be the set of H-components of T'.

Choose an H-component S, of S with a maximal cardinality and an H-component S_ of
S\ S4 with minimal cardinality. If |¢z(S)| > 3, we also choose an H-component S;_ of
S\ (S4+US_) with minimal cardinality. Without loss of generality, we shall assume that 0 € S..

From the definitions involved, we have

(10) (loa(S) = VIH| = [H + S| = [H| = k1 = r2 < |5] = 1,
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where the equality k1 = ko follows as H is both a 1-fragment and a 2-fragment. In consequence,
for any subset X C Cg, we have > .y (|H| - |C]) < [H + S| —|S| < |H| — 1. Thus
(11) ¥ | max |C] = Do ICI = |XH| - (|H| - 1) = (|X] - 1)|H| + 1.
Cex

By an internal component, we shall mean an H-component of 7'+ S contained in T+ H.
The set of internal components of 7'+ S will denoted by Z. Note |Z| = |¢5(T')|. By an external
component, we shall mean an H-component of T" 4 S disjoint from T+ H. The set of external
components of T'+ S will denoted by £. Let F denote the set of full internal components and
let V denote the set of partially filled internal components. Clearly, we have

I=VWF.

Let Vp ={CNT :C € V}. Observe that Vp is a subset of H-components of T', that |V| = |Vr|,
and that C'+ S, for C' € Vr, is a subset of some component of 7'+ S from V. We shall use the

following trivial observation without reference:

IC+ 84| < |H| forCeVy.

By (11), \H\, with the latter inequality in view of |Cs| = |¢x(S)]| > 2.
Thus (Sy). = (S) = HBy()
(12) T+5S] = D [Hl+ Y IC+S4+ > [C]

CeF CeVr ce&
(13) > |FIH+ ) |C|+|VT| +Z|C|
Cevr ce&

From (10), we have |ou(T)||H| > |T'| > |S| > k2(S) = (|¢u(S)| — 1)|H|. Hence

(14) |61 (T)| > |br(S).

Since |—§| >|S|—1>r1 =|H+S|—|H| > |H|, we must have
(15) |G/H| > 4.
Claim 0: |95 (T)| + [¢r(5)] -1 < [G/H].
Suppose the contrary:
0u(T)| + [0u(5)] = |G/H| +2.

Then, in view of Lemma B, every element of G/H has two distinct expressions as a sum from
o (T) + ¢ (S). In particular,

|C| > |S4+—| forevery C € & when |p(S)| > 3.

Observe that any internal component C' € 7 contains a set of the form Cy + S, with Cy € Cr a
component of T'. In particular,

|IC| > |S4| for every C € Z.
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Assume first that |¢x(S)| = |Cs| > 3. Then (11) gives [S4| > =21 H| > 2H - Algo, (14)

[Cs|
gives 2|ox (T)| > |ou(S)| + |¢u(T)| > |G/H| + 2. By (11),
2(1S4| + [Sy—|+|S= 2(2|H| +1
218, | > 54| + |8, | > 2US+] !3+ [ +15-D 22| 3\ )

Putting all the above estimates together, we have

2 2
G2 s rys=Y e+ Y (o
Cel ce&

|6u (D) 1S¢] + (IG/H| = | (T)]) [S+-]
= (léu(D) - IG/H|)[S¢|+ (IG/H| = 6 (D)) (1S+] +15+-1)

@lon()| ~ 167 T o2 1611 6 (r)

2H| +1 2|G 1
1261 1

\%

v

v

+

H -

Thus |G/H| < 2, contrary to (15).
Assume now that |¢g(S)| = 2. Then |¢pg(T)| + |pu(S)| > |G/H| + 2 forces

|¢u(T)| = |G/H]

and €& = 0. Also, (11) gives |S4| > ‘c@'s_‘l\H\ = 1|H|.
We must have |Vr| < 3, since otherwise (13) gives [T+ S| > |T| + |VT||ST+| > T+ 15|, a
contradiction. We must have |Vr| > 3, since otherwise (12) and (15) give

3|
T + 5| > (|G/H| - 2)|H| +2|S4| > (|G/H| - 1)|H| +1=|G| — [H| + 1> |4| +1,

contradicting that |T'+ S| < % Thus [Vr| = 3. In particular, since |¢py(T)| = |G/H| > 4
by (15), we have |Cp| > |Vr|.

Since |¢g(S)| = 2, we have S = S, W S_. Since |¢y(T)| = |G/H|, since G/H = (¢ (S)) =
(¢ (S-)), and since |Cp| > |Vr|, there is a component Ty € Cp \ Vp such that Tp + S- C V
for some V' € V. Consequently, Lemma B and the definition of V ensure that |Tp| + [S—| < |H].
Moreover, since Ty € Cr \ Vr, we have (|F| = )[H| + > oy, [C| > [T] — |To|. Thus (13) now

gives

3|5
T4l > (F -+ E Y (0 e
CeVr
> (T - |Ty To| + S U5 S 11y 415
> (7] [T + (0] + [5-) + 254 5 71 419,

2
contradicting the hypothesis |T"+ S| = |T'| + S| — 1. The claim is proved.
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Claim 1: |¢u(T) + ¢u(S)| = [¢u(T)| + |ou(S)| — 1.
By Claim 0, (6) and (2), we have

01 (T) + ¢r(S)| = min{|G/H], |9 (T)| + [6u(S)| =1} = |¢u(T)| + [ou(S)] -1
and £1(¢u(5)) = [ou(S)| = 1.

Apply Proposition 10 to ¢ (S) and ¢g(T) in G/H using k = |¢m(S)| — 1. Then there exists
a subset of H-components X C Cp with

1 X| = |ou(S)| -1
and Sx € Cg for each X € X such that the X +Sx C T+ S, for X € X, are all disjoint from
each other and 7'+ H (as they are distinct modulo H and not contained in ¢y (7)), i.e., with
each
X+ Sx CEx

for some external H-component Ex € €. Define u = |¢pg(T) + ¢u(S)| — |¢u(S)| — |ou(T)| + 1.
Then there are precisely u H-components C' € £ besides those Fx with X € X. For each such
H-component C of T'+ S, we have the trivial estimate |C| > |S_|. Thus

T+5] = D ICI+ D 1CI= D 1C+ S|+ > [X + Sx|+ulS-|
cel ce&E CceCr Xex

= D CHSHF DX+ Sx|+ D IX + Sy +uls|
ceCr\X Xex Xex

> N 0+ DX+ Y (8] +ulS-|
ceCr\Xx Xex Xex
= [T[+ XS+ +ulS-| = |T| + (¢m (S)] = DIS+| + ulS-|.
We must have u < 0, since otherwise |7+ S| > |T'|+ (|¢u (S)|—1)|S+|+|S=| > |T|+|S|, contrary
to hypothesis. Thus [¢g(T) + ¢u(S)| < |6 (S)| + |¢u(T)| — 1, and as the other direction was
already established, the claim follows.

Claim 2: If |y (S)| > 3, then there is at most one H-component C' € € with |C| < [S4_|. In
particular, Y e |C] > [S—|+ (|¢u(S)| — 2)|S+—|.

By Theorem 13, ¢ (S) is an arithmetic progression or a Vosper subset. In view of Claim 1,
it suffices to show

(16) 00 (T) + ¢u(S\ S-)| = [¢u(T)| + |ou(S)| — 2.

In view of (14) and Claim 1, (16) follows by Lemma 11 if ¢5(.5) is a Vosper subset. So suppose
¢ (S) is an arithmetic progression. If (16) fails, then Theorem A implies that ¢ (T)+¢a(S\S-)
is periodic, so K/H = H(¢u(T) + ¢ (S \ S-)) is nontrivial, where H < K < G. Moreover,
applying Theorem A modulo K yields

(17)  |G/H| > |¢u(T) + ou(S\ S-)| = [¢u(T) + K/H| + |¢a(S\ S-) + K/H| - |K/H],
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with the first inequality from Claim 0 since (16) is assumed to fail. Thus, since ¢ (S) is
an arithmetic progression with (¢ (5)). = G/H, it follows that K/H is proper with either
0 (S\ S-) + K/H| = |[K/H||¢n(S\ S-)| or [¢g(S\ S-) + K/H| = |G/H| - |[K/H|. In the

former case, we have
(61 (S\ S-) + K/H| = |¢u(S\ S-)|+ (IK/H| = 1)[¢n(S\ S-)| = [¢u(S\ S-)| + |K/H| -1
in which case (17) yields (16). So instead assume |¢r(S\ S-)+ K/H| = |G/H|—|K/H|. Then
(17) implies ¢ (T") is contained in a K/H-coset. In particular,
[K/H| = |¢u(T)| = |¢u(5)]

follows from (14). Recall that ¢ (T) + ¢ (S \ S—) is K/H-periodic. Thus, in view of (17),
cither [op(T) + én(S\ S_)| > 2[K/H| > |én(T)] + |6n(S)| or [éx(T)] = |éx(S \ 5_)| =
o (T + S\ S-)] = 1. The former case yields (16), as desired. In the latter case, since
¢m(S) is an arithmetic progression generating G/H with K/H < G/H proper, it follows that
¢ (S—) must be contained in a disjoint K/H-coset. In this case, we have |¢py(T) + ¢ (S)| =

1o (T) + ¢u(S-)| + |¢u(T) + ¢u(S\ S-)| > 2|¢u(T)| > |¢u(T)| + |¢u(S)|, with the final
inequality from (14). Since this is contrary to Claim 1, the claim is complete.

Claim 3: If |¢g(5)| > 3, then |¢pp(T)| + |ou(S)| < |G/H| — 1.
Assume that |¢g(S)| > 3. Let us begin by showing that

(18) |F| > 2.

Now

> 101> 1S4 +15-]
ces

follows from Claim 2. By (11), we have
8154 ] > [S4] + (S| +[S_| > 21H| +1,
and thus
2

Syl > S[H|

1541 > 2]
By (11), we also have

o |+ 18| > [H| + 1.

Since |C' + S4| < |H| for C € Vr, Lemma B implies that |C| + |S;| < |H| for every C € Vp, in

turn implying

2 1 1 1
|IC| < |H| —|S¢| < |H| — ng] = §]H] < §]S+] < §]C—|—S+| for every C € Vr.
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Combining the above estimates, we see that

AT > |T+8| > D |C+8+ > [C|+> |

CeVr CeF Cce&
> > 20|+ |FIH| + S| +]5-]
CeVr
> > 210+ (IF|+1)|H| +1
CeVr

If [Cr \ Vr| = |F| < 1, then (|[F| + D)|H| = > cecp\v, 2|C] holds trivially, in which case the
above estimate yields 2|T"| > 2|T'|, a contradiction. Thus (18) is established.

We have, using (11),
A|H|+2
—
Recall that |C| > |S4| for any C € Z. Consequently, it follows from (18) that |¢g(T)| = [Cr| =
|Z| > |F| > 2 with

2
(19) S5l + 1541 2 S(15- + 84| +15-]) =

> 1Cl = 21H| + (|¢u(T)| - 2)[S4].
Cer

Combining the above estimates along with Claim 2, (14) and |¢g(T)| > |¢m(S)| > 3 (so that
|01 (T)| + |62 (S)| > 6), it follows that

T+58 = Y |01+ [C|

cel ceg
> 2[H| + (|oa(T)| = 2)[S+| + (|61 (S)] = 2)|S4+—| + |S-]

= 2[H|+ (|¢u(T)| — [¢u(S))|S+] + (I (S)| = 3) (IS4|+ [S+-])
+ (Sl +[S1—1+15-1)

> 2/H|+ (|¢u(T)| — |ou(S)])

2\H| +1
3

24| +1  (4H]+2)(|9u(5)] - 3)

3 3
2|H|

= (l¢a(D)] + |oa(9)) -1= (’¢H(T)|+\¢>H(S)’)T+17

If the claim is false, we have |¢n (T)|+ |pu(S)| > |G/H|, in which case the above estimate yields
T+ S| > @ + 1, contrary to hypothesis. This completes the claim.

+2|H|+1

Suppose that ¢ (S) is not an arithmetic progression. Then ¢y (T)| > |¢u(S)| > 3 (in view
of (14)), and Theorem 13 implies that ¢ (S) is a Vosper subset. By Claim 1 and Claim 3, we
have |G/H| =2 > |¢u(T) + ¢u(S)| = |¢ua(T)| + |¢u(S)| — 1, contradicting the definition of a
Vosper subset. So we instead conclude that ¢ (S) is an arithmetic progression with difference
o (d) for some d € S. Consequently, by Lemma 2(i)(ii) and Claims 1 and 3, ¢y (7) is also an
arithmetic progression with difference ¢ (d). Let

0m(S) =541 and | (T)| =t+1.
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In view of Claim 1, let S = W_S;, T =W._,T; and T+ S = W7} E; be the H-coset
decompositions of T', S and T + S. Since ¢ (—d) is also a difference of ¢ (.S), we may replace
o (d) by ¢ (—d) if need be, retranslate S to w.l.o.g. assume 0 € Sy, and choose an indexing
such that

(1) ¢ (So),- -+, (Ss) is an arithmetic progression with difference ¢ (d) and |So| > |Ss,
(2) ¢u(Tp), - ,¢u(Tt) is an arithmetic progression with difference ¢ (d), and
(3) T:+ S; C Eiy; forallie[0,¢] and j € [0, s].
Note that we no longer know 0 € S} as we have retranslated so that the first term Sy now
contains zero. The sets S;, S;_ and S_ will no longer be needed. Let

Iy={iel0d:|B| < |H]} and Ir={i€0.4:|E|=H]|.

Since |So| > | S|, (11) implies that |So| > 3|H|. Thus (Sp) = (So)« = H, and now (3) yields

S
T+5S] > D |E|+ ) ITi+Sol+ > IT+ 5]
i€lr iely 7=1
> |T|+‘Iv|@+zs:|Tt+Si‘.
- 2

j=1
Thus ||+ |S| — 1> |T+ S| > |T| + | Iy 52l + 15\ S, implying
Iy < 1.

Claim 4: I, = 0.

Assume by contradiction that Iy, = {r} for some r € [0,t]. Observe that |E;| = |H| for
i €[0,t] \ {r}. Suppose first that r < ¢. Since T, + Sp C E, with |E,| < H by definition of Iy,
Lemma B implies that |H| > |T,| + |So|. Since T, + Sp C E,, we have |E,| > |Sy|. Combining
these estimates together yields

t s+t t s
T+S| = Y IEl+ Y Bl =) |E[+ ) |Ti+ 5]
i=0 j=t+1 i=0 j=1
S
> |E|+tH|+ > |T; + 5]
j=1
s—1
> |So| + |T| + S0l + (¢t = DIH| + T2 + > |9
j=1
> [T+ S| =[S + [Sol = [T]+ 5],

where the final inequality follows in view of |Sp| > |Ss| and the penultimate one in view of r < ¢
and t = |¢y(T)| — 1. However, this contradicts the hypothesis |T'+ S| = |T| + |S| — 1. So we

now assume r = t.



HYPER-ATOMS APPLIED TO THE CRITICAL PAIR THEORY 23

Since Ty + Sy C E; = E, with |E,| < |H|, Lemma B implies that |H| > |T;| + |So|. Also,
|Ey| > |Ty—1 + Si| > |T;—1| since (14) ensures that ¢ > s = |¢g(S)| — 1 > 1. Hence

t s+t t s
T+5S| = Y IEI+ Y B =) |E[+)_ITi+ Sl
i=0 j=t+1 i=0 j=1

S
> tH|+|E|+ > |Ti + S|
j=1

S
> [T +1So] + (t = DIH| +|Ta| + D IS51.
j=1
However, in view ¢t = |¢pg(T')| — 1, the above estimate yields |T'+ S| > |T| + |S|, contrary to
hypothesis. This completes Claim 4.

Claim 5: |E;| = |H| for all i < s+t — 1.

By Claim 4, we know |E;| = |H]| for all i < ¢t. Suppose to the contrary that there is some
r with |E,| < |H| and t +1 <r < s+t —1. Since (T} + Sy—¢) U (T}—1 + Sr—¢+1) C E, with
|Ey| < |H|, Lemma B implies that |H| > |T;| + |Sr—¢| and |H| > |Ti—1| + |Sr—¢+1|. But now (11)
yields

21H| = |Ti| + [Sp—| + [Tiea| + [Sr—ta| = [Te| + | Te—a| + [H| + 1.
Ths [T+ H| ~|T) > 21H] ~ (T + [To1]) > |H| +1, implying
¢

s s s
T+S| > Y |E|+Y T+ S| =T+H|+) |Ti+8;| > T+ H+) ||
=0 Jj=1 j=1 j=1

> |T|+|H|+14+1S|—|So| > |T|+ |S],

where the equality follows from Claim 4. Since this contradicts the hypothesis |T' + S| =
IT| + |S| — 1, the claim is complete. Note we needed r < s+ ¢ — 1 to ensure S,_4+1 is a
well-defined component of S (as Sj for j > s+ 1 is not defined).

By Claim 5, Fs4; is the only H-component of T'+ S that is not a full H-coset. Since T+ S
is aperiodic with H nontrivial, this forces Fsi; to be aperiodic. Since ¢y (S) and ¢u(T) are
arithmetic progressions with common difference generating G/H, it follows from Claim 1 that
Ti+ Ss = Es1¢. Since this sumset is aperiodic, Theorem A yields |T; + Ss| > |T¢| +|Ss| — 1. Now

we have

s+t—1
S|+ T = 1=|T+S| = Y |Bi|l+|Eepe| = (t+ )| H|+ T + S
1=0
> tH|+ T + s|H| + S| - 1
= (lea(T)| = D|H|+ |T¢| + (|¢a(S)| — 1)|H| + |5 — 1
> |T|+|S] -1
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As a result, all estimates used above must be exact. In particular, |T; + Ss| = |T| + |Ss| — 1,
IS\ Ss| = |¢u(S\ Ss)||H| and |T'\ T3] = |¢u(T \ Ty)||H|. The latter two estimates imply
S\Ss+H =S\ Ss and T\ Ty + H = T\ T}, meaning S and T are H-quasi-periodic with partial
components 7, C T and Sy C S. Also, ¢g(S) and ¢y (T') are arithmetic progressions with
common difference such that ¢ (Ss) and ¢ (T}) are the first term of their respective progression
(replacing the difference ¢ (d) by ¢u(—d)), and ¢ (T;)+¢r(Ss) is a unique expression element
in ¢ (T) + ¢u(S) (as seen above or by noting that, otherwise, 7'+ S will be H-periodic with
H nontrivial, contrary to assumption). This completes the proof. [l

Notice that the subgroup in Theorem 17 depends only on the smaller set .S, while the subgroup
in Kemperman’s Structure Theorem depends on S and 7.

6. THE KEMPERMAN STRUCTURE THEOREM

We now proceed to prove Kemperman’s Structure Theorem.

Proof of Theorem 1. If T'Z (S), then H = (S) < G is a proper subgroup and Theorem 1 follows
from Lemma 14 with H = (S) and condition (I) holding. Note T Z (S) = H forces |pu(T)| > 2
so that T having an H-quasi-periodic decomposition implies that T has some full H-component,
which is only possible, since |T'| is finite, if |H| is finite. This ensures that H is finite and proper,
which is required in Theorem 1. Therefore we now assume 7' C (S) and thus (S) = (T'+5) = G.

If (T) < G is a proper subgroup, then Lemma 14 implies that S is (T')-quasi-periodic with
necessarily two components (since (T') < G = (S)). Thus |S| > [(T)| +1 > |T| + 1, contrary to
hypothesis. Therefore we may assume (T") = G as well.

Let L = (Vg(T))«. If G is finite and L < G is a proper subgroup, then, since (S) = G, Lemmas
16 and 14 imply that —S, and thus also .9, is L-quasi-periodic, say with partial component Sy C
S. Observing that Vr(S) = Vg(T'), we can repeat this argument using V7 (S) to find that T is
also L-quasi-periodic with partial component 7Ty C T'. It follows that 7'+ .S is L-quasi-periodic.
Our hypotheses ensure that |L| > |Vg(T)| = |G\ (T'+.5)| > 2, so L is nontrivial. Consequently,
since T' + S is aperiodic, it follows that ¢r (1) + ¢1(Sp) is a unique expression element in
é1.(Tp) +¢1(Sp) and that [Ty + Spy| < |L| with Ty+ Sy aperiodic. Thus, if ¢1(T) +¢r(S) # G/L,
then Vg(T) = G\ (T + S) will contain elements from two distinct L-cosets, contradicting that
L = (V7(S))«. Therefore ¢r(T) + ¢r(S) = G/L. If |¢r(T)| + |¢r(S)| > |G/L| + 2, then Lemma
B implies that all elements of ¢r(T) + ¢1(S) have at least two representations, contradicting
that ¢r(Ty) + ¢1(Sp) is a unique expression element. Therefore |¢ (T)| + |¢r(S)| < |G/L| + 1.
If this inequality is strict, then |G/L| > |¢r(T)| + |¢r(S)|, in turn implying |¢1(T) + ¢1(S)| =
|G/L| > |or(T)| + |¢r(S)|. Then, since T + S is L-quasi-periodic, it follows that

IT+5] = (I6£(T) + ¢L(S)] = 1)|L] + [Ty + Syl
(I62(T)| + |6 (S)] = 2) IL| + L] + | Ty| + [ Sp| — 1
T+ [S]+ L] =1,

Y

—
DO
=

~—

%
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where the second inequality makes use of Theorem A. Since this contradicts that |T'+ S| = |T'|+
|S| — 1, we instead conclude that equality holds in the estimate: |¢r(T)|+ |¢L(S)| = |G/L| + 1.
In this case, the calculation used to derive (20) instead yields |+ S| > |T| + |S] — 1. As
this estimate holds with equality, all estimates used in (20) must also hold with equality. In
particular, |Ty+ Sp| = |Ty|+|Sg| — 1, and now Theorem 1 follows with H = L < G and condition
(ITI) holding (note L must be finite as 7" and S are finite L-quasi-periodic sets). So we may now

assume
(21) L= (Vs(T))x =G when G is finite.

Notice that |S|+ |T| + |Vs(T)| = |S|+ |T| + (|G| — |T + S|) = |G| + 1. We consider two cases.

Case 1: |S| < [Vs(T)|.

Let H < G denote a hyper-atom of S. Then H < G is a finite, proper subgroup of G. Assume
first that |T| < [Vs(T)|. Then |S| + |T| < 2USHTHVsMD _ 2652 - Apblving Theorem 17
yields the desired conclusions of Theorem 1 with (II) holding.

Assume now |T'| > |Vg(T)|, and hence |S|+|Vs(T)| < 2(|S|+|T|;WS(T)|) = 2‘G3|+2 with Vg(T)
and G finite. Applying Theorem 17 to —Vg(T') + S via Lemma 16, it follows that S has an H-
quasi-periodic decomposition with partial component Sy C S such that ¢ (.S) is an arithmetic

progression having ¢ (Sy) as its first term. By Lemma 15, T' also has an H-quasi-periodic
decomposition with partial component Ty C T such that ¢ (7T) is an arithmetic progression of
the same difference with ¢ (7}p) the first term in the progression. The remaining conclusions of

Theorem 1 with (II) holding are now all routinely verified, completing the case.

Case 2: |S| > |Vg(T)|.

In this case, |Vg(T')| and G are finite. Let © € Vg(T') and let H < L = G denote a hyper-
atom of Vg(T) —x. Then H < G is a finite, proper subgroup of G. We have |Vg(T)| + |S| <
2(‘S‘+|T|;|VS(T)D = 2‘03‘“. Applying Theorem 17 to —Vg(7T) + S via Lemma 16 and (21) (with
—Vs(T) playing the role of S), it follows that S has an H-quasi-periodic decomposition with

partial component Sy C S such that ¢ (S) is an arithmetic progression having ¢ (Sp) as its
first term. Now Theorem 1 follows with (II) holding as argued at the end of Case 1, completing
the case and proof. O

Our proof of Theorem 1 sheds some light on the quasi-period H occurring in dual formulation
of Kemperman’s Structure Theorem. As the proof above shows, if X € {S,T,Vg(T)} is a set
with minimal cardinality, then the quasi-period H in the dual form of Kemperman’s Theorem
is either equal to (X), (if this is a proper subgroup of G) or to a hyper-atom of X (when
(X) =G).
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7. THE STRONG ISOPERIMETRIC PROPERTY

In this section, we shall assume some familiarity with digraphs. We shall also assume that
the reader is aware of the definition of ki in the non-abelian case and its relation with the
corresponding notion in Cayley digraphs. These questions are explained in [11]. The reader not
interested in non-abelian groups can restrict themselves to the abelian case, where all notions
are defined in the present paper.

Let V be a set and let E C V x V. The relation I' = (V, E) will be called a digraph. The
elements of V' are called vertices. The elements of E are called arcs. The digraph I' is said to
be reflexive if {(x,z) :x € V} C E. Let a € V and let A C V. The image of a is by definition

I'(a) ={x: (a,z) € E}.

The image of A is by definition
r(4) = JT().
z€A
The wvalency or out-degree of x is by definition dr(x) = |I'(x)|. We shall say that I" is locally
finite if dr(x) is finite for all x € V.
For X C V', the boundary of X is by definition

Op(X) =T(X)\ X.
For an integer k > 1, the k-th connectivity of I is defined as
(22) k() =min{|0(X)|: oo >|X| >k and |V \I'(X)| >k}

The digraph I' is said to be k-separable if the set that the minimum is take over in (22) is
nonempty.

Given a multiplicatively written group G and a finite subset S C G with 1 € S, we define the
Cayley digraph I'g by letting G be the vertices of I's with (x,y) € G x G an arc when y € zS.
Then I'g is a locally finite, reflexive digraph. Moreover, if T' C G, then

IFs(T)=TS={ts: teT,se€S}t and OT)=TS\T.

With these definitions, it becomes clear that all isoperimetric notions defined for the set S C G
coincide with the those for the Cayley digraph defined by S, e.g., ki(S) = kr(I's). The di-
graph setting is the more general one. The reader may refer to [11] for a further discussion.
By a directed path from a vertex z to a vertex y, we shall mean a finite sequence of arcs
(x,y1), (Y1,92),- - -, (yk,y) with the vertices encountered all distinct. Let I' = (V, E) be a di-
graph. Two directed paths from x to y are said to be disjoint if their only common vertices
are z and y: more formally, if y; = v} implies either y; = y; = x or y; = y; = y, where
(z,91), (W1, ¥5), -, (Y, y) is the second path. The following is a special case of the Erdds-
Menger Conjecture, resolved recently in [1]. We only need the much simpler case when |V] is
finite [18].
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Theorem 18 (Erdés-Menger Conjecture [1]). Let I' = (V,E) be a digraph and let k be a
nonnegative integer. Let x,y € V be vertices such that (z,y) ¢ E and

|0(X)| >k  for every subset X CV withx € X and y ¢ X UT(X).
Then there are k disjoint directed paths from x to y.

Proposition 19 (The Strong Isoperimetric Property for Graphs I). Let I' = (V, E) be a locally
finite digraph, let X CV be a finite, nonempty subset, and let k and s be positive integers such
that

k(D) >s, |VI>|X|+s+k—1, and |X|>s+k—1
Then there are distinct vertices x1,...,xs € X and distinct vertices yi,...,ys € 0(X) such that
(xi,yi) € E for everyi € [1,s].

Proof. Take elements o and 3 not contained in V and set V = X UO(X)U{a, 3}, which is finite
since I is locally finite and X is finite. We define a digraph I' on V as follows:
e I'(a) = X and T'(8) = 0,
e I'(z) = T'(x) for every z € X,
e I'(z) = B for every z € 9(X).
Take a subset Y with a € Y and 8 ¢ Y UT(Y). It follows that ¥ N (A(X)U{B}) = 0, whence
Y C X U{a}. Put Yy =Y \ {a}. We have

N

D(Y) =T(a) UT(Yp) = X UT(Yp).
Thus O(Y) = (X \ Yo) Ud(Yy). If [Yo| < k — 1, then
DY) > | X\ Yo| > |X| = [Yo| > |X]|—k+1>s.
If |Yo| > k, then
0(Y)| > [0(Y0)| = min{[V| — k + 1 — [Yo|, (D)} > min{[V| — k+ 1 — [X], sp(D)} > s

follows by the isoperimetric inequality and our hypotheses. In consequence, by the finite case
in Theorem 18, there are s disjoint directed paths from « to 5. Each such path P;, for i € [1, 5],
must pass through X and then into 9(X), meaning at some point there is an edge (z;,y;) € F
with z; € X and y; € 9(X). Since the paths are disjoint, it follows that all the x; are distinct
as are all the y;, completing the proof. O

Proposition 20 (The Strong Isoperimetric Property for Graphs II). Let I' = (V, E) be a locally
finite digraph, let X CV be a finite, nonempty subset, let x € X, and let s be a positive integer
such that

kri(I)>s, |V|>|X]|+s, and |X]|<s.
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Then there are vertices x1,...,xs € X and distinct vertices yi,...,ys € 0(X) such that
(xi,yi) € E  for every i€ [1,s],

X ={r1,...,7x)} and wxi=z for everyi>|X|.

Proof. Take elements a and 8 not contained in V' and, for ¢ € [|X| + 1, s], let Z; be an element
not contained in V U {a, 8}. Set V = X U(X) U {a, B}U {%|x|41,- -+, ¥s}, which is finite since
I' is locally finite and X is finite. Let X=XU {%)x |41, -+, Ts}. We define a digraph IonV as
follows:
() = X and I(B8) = 0,
(y) =T (y) for every y € X,
(z;) =T'(x) for every i € [| X| + 1, s].
['(y) = f for every y € (X).

Take a subset ¥ with & € YV and 8 ¢ Y UL(Y). It follows that Y N (9(X) U {8}) = 0,
whence Y C X U{a}. Put ¥y = Y \ {a}. If % € Y, for some i € [|X|+ 1,s], let Yy =
Y \{Z|x|41,---,%s} U{x}, and otherwise let Yy = Yy. Observe that Yy € X. We have

[ ] [
> >

DY) =T(a) UT(Yp) = X UT(Yp).
Thus d(Y) = (X \ Yp) UA(Yy). If Yo = 0, then |9(Y)| = | X \ Yo| = | X| = s. If Y # 0, then
0(Y)| > 10(Yo)| = min{[V] — |Yo|, k1(I)} > min{|V| — | X, k1(D)} > s

follows by the isoperimetric inequality and our hypotheses. In consequence, by the finite case
in Theorem 18, there are s disjoint directed paths from « to 5. Each such path P;, for i € [1, ],
must pass through X and then into d(X) = 9(X), meaning at some point there is an edge
(x4,v5) € E with x; € X and y; € 0(X). Since the paths are disjoint, it follows that all the x;
are distinct as are all the y;. Since ])? | = s, this is only possible if every vertex of X occurs as an
x; in some P;. Hence, by re-indexing the paths F; as need be, we may assume x1,...,2x| € X
are the distinct elements of X with z|x| = = and that z; = ¥; for i € [|X[+ 1,s]. Finally, by
definition of I', any time (Z;,y;) is an edge in I, (x, ;) is an edge in I', while (z;,y;) € E implies
(x4,v;) € E for x; € X, and the proof is complete. O

As explained above, the Strong Isoperimetric Property for graphs includes the case of sumsets
via Cayley digraphs. We conclude the paper by formulating these special cases in the language of
sumsets. Note that Proposition 21 is a mild generalization of Proposition 10. We again remark
that it is usually applied modulo H as explained after Proposition 10.

Proposition 21 (The Strong Isoperimetric Property for Sumsets I). let S and T be finite,
nonempty subsets of the multiplicative group G such that 1 € S and let k and s be positive

integers such that

kp(S)>s, |G >|T|+s+k—1, and |T|>s+k—1.
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Then there is a subset X C T with |X| = s and s, € S for each x € X (not necessarily distinct)
such that

{zsy :x € X} C(TS\T

is a set of | X| = s distinct elements.

Proposition 22 (The Strong Isoperimetric Property for Sumsets II). let S and T be finite,

nonempty subsets of the multiplicative group G such that 1 € S, let x € T, and let s be a positive

integer such that

k1(S) >s, |G| >|T|+s, and |T| <s.

Then there are elements x1,...,xs €T and y1,...,ys € S such that

1]
2]

3]
[4]

[5]
(6]

{ziyi : i €[1,s]} C(TS)\T is a subset of s distinct elements,

T=A{x1,...,zp)} and xi=x for everyi>|T].
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