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A WEIGHTED ZERO-SUM PROBLEM WITH
QUADRATIC RESIDUES

DaAviD J. GRYNKIEWICZ — FRANGOIS HENNECART

ABSTRACT. Given a ring R and a subset A C R, the A-weighted Davenport
constant is the least integer D 4(R) such that any sequence of terms from R of
length D4 (R) has a nontrivial subsequence g; - ... - gg, where the g; € R are the
terms of the subsequence, such that 0 = a1g1 + ... + agge for some a; € A.

Let R = Z/nZ for an integer n > 2, regarded as a ring, let U, be the set of
units in R, and let U2 = {u? : u € U,} be the set of all squares of invertible
elements. It is proved that the weighted Davenport constant D2 (Z/nZ) is equal
to 2Q(n) + 1 when ged(n,10) = 1 or ged(n,6) = 1, extending a recent result of
Chintamani and Moriya [CM] and another of Adhikari, David and Jiménez Urroz
[ADJ]. Indeed, we show that Dy2 (Z/nZ) = 2Q(n) + min{vs(n), vg(n)} + 1 for
odd n with either v3(n) =0 or v3(n) > vs(n). As part of the proof, we show how
certain sequences of terms from an abelian group can be used to create a pairwise
balanced design with A = 1.
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1. Introduction

Given a ring R and a subset A C R, the A-weighted Davenport constant is
the least integer D 4 (R) such that any sequence of terms from R of length D 4(R)
has a nontrivial subsequence s; - ... - sy, where the s; € R are the terms of the
subsequence (we write sequences multiplicatively, following the notation of [Gr]
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[GH]), such that 0 = ays; + ...+ agse for some a; € A, i.e., such that

14
0e ZAS“
i=1

where As; = {as; : a € A}. We define E4(R) for R finite in a similar manner:
the only difference is that we require the subsequence s; - ... sy to have length
exactly equal to £ = |R|. We refer to E4(R) as the weighted Gao constant.

By a result of [Grl, Chapter 16] [GMO] [YZ2] (extending the case when R =
Z/nZ [YZ1]), the two problems are in fact closely related: one has

Ea(R) = Da(R) + [R[ - 1. (1)

This property was conjectured by Thangadurai in [Th] and confirmed the expec-
tations of Adhikari et al. in [ADJ] and [AR], among others. It also extends the
corresponding well-known identity for the usual Davenport and Gao constants
due to Gao (see [Ga]). Indeed, it is from this now classical result of Gao that
the name Gao constant is derived, distinguishing it from the Erddés-Ginzburg-
Ziv constant, which is analogously defined but with exp(R) (the exponent of R
regarded as an abelian group) replacing |R| in the definition of E4(R). The two
names are sometimes interchanged and coincide when R = Z/nZ, which is the
main ring/group of interest in this paper.

When R = Z/nZ, we let U, C Z/nZ denote the set of invertible elements
modulo n. Then, letting A = U2 = {u® : u € U,}, we have { = Dy2(Z/nZ)
being the smallest integer such that, given any si,...,s; € Z, the equation

a3sy +---+alsg = 0mod n

always has an integer solution (a1, ...,a;) € Z* that is non-zero modulo n and
with either ged(a;,n) =1 or a; = 0 for each i. In [CM] it has been proved that
Ev2(Z/nZ) = 2Q(n) + n (implying Dy2(Z/nZ) = 2Q(n) + 1 by ({) for any
integer n coprime to 30. The aim of this note is to extend this result (as well as
Theorem 2 of [ADJ]) to allow 5 | n or 3 | n.

Here, and in the rest of the paper, 2(n) denotes the number of prime divisors
(allowing repetition) of n, while w(n) denotes the number of distinct prime di-
visors of n. Also, v,(n) = d denotes the p-valuation of n, which is the maximal
integer d > 0 such that p? | n. Our main result is the following, nearly char-
acterizing Dy2 (Z/nZ) for odd n. Unfortunately, we were unable, in general, to
combine the trick used to handle the case when 5 | n with the delicate argument
used to handle 3 | n. Perhaps the lower bound from Theorem 3 is the correct
value in the remaining case when 0 < vz(n) < vs(n), as this would give a com-
mon generalization of parts 1 and 2 in Theorem that agrees with the lower
bound from part 3.
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Theorem 1.1. Let n > 1 be an odd integer.
L. If 31 n, then Dy2(Z/nZ) = 2Q(n) + 1.
2. If 51 n, then Dy2(Z/nZ) = 2Q(n) + 1.
3. In general,
2Q(n) + 1+ min{vz(n),vs(n)} < Dy2(Z/nZ) < 2Q(n) + 1+ vs(n).

Given an integer m > 1, a sequence S = s1 + ...+ Sy of terms from the ring R,
and a subset A C R with each a € A viewed as the map x — ax, we let

Y2, (A(S)) = {iaisi 81 +...+5, is a subsequence of S
i=1
of length 1 <r <m and q; € A},
Yo (A(S)) = {iaisi : 81°...+ Sy is a subsequence of S
i=1
of length m and a; € A}, and

¢ ¢
o(A(S)) = 3 As; = Ti (A(S)) = {Zaisi L a; € A} CR.
i=1 i=1

The notation is a special case of more general concepts from [Gr]. With this
notation, Dy2(Z/nZ) (resp. Eyz(Z/nZ)) is the least integer £ such that 0 €
S2,(U3(S)) (resp. 0 € £,(U2(S))) for any sequence S of £ integers modulo n.

Since the lower bound on m required for Theorem[I:2]below always holds when
m = n, we will deduce the upper bounds in Theorem [I.T]from the following more
general result via .

Theorem 1.2. Let n > 3 be an odd integer, let m be a positive integer and let
S be a sequence of terms from Z/nZ.
1. If 34 n, m > 3w(n) + min{l,vs(n)}, and |S| > m + 2Q(n), then 0 €
S (U5(S))-
2. If 3| m, m > 4Q(n) +w(n) +vs(n) — 2, and |S| > m+2Q(n) +vs(n), then
0 € X3, (UZ(9)).

We notice that the main result in [CM], which is generalized by our results
here, follows from Kneser’s Theorem [Gr, Chapter 6] and it’s special instances,
the Cauchy-Davenport and Chowla Theorems. We obtain these improvements,
in part, by use of explicit addition theorems derived using the discrete circle
method. These explicit results are then combined with a combinatorial argument
and some design theory to yield the final proof.
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2. Notation

In this section, we present the basic notation for sequences and subsequence
sums, found in the texts [Gr] [GH], that will be used in the remainder of the
paper. This is done for the benefit of the reader less familiar with this notation.

All intervals will be discrete. Thus, given real numbers a and b, we let

[a, b)) ={x €Z: a <z <b}.

Following the tradition in combinatorial number theory, sequences of terms from
a set X are always unordered and finite in length, and we write them using
multiplicative notation. The term multi-set would also be appropriate but is not
used in the field. To make this formal, we use monoid theoretic notation arising
from factorization theory. This means that a sequence S is written in the form

S=g1+... g (2)
with the g; € X the terms of X. Repetition of terms is allowed, and, as our
sequences are unordered, we have S = g,(1) + ... gr(o for any permutation

of [1,4]. Formally, we view S as an element of the free abelian monoid F(X)
with basis X and monoid operation denoted by - (chosen to distinguish the
monoid operation of sequence concatenation from ordinary ring or group theo-
retic multiplication). Of course, whenever we index the terms of S as in (2)), we
are implicitly ordering the terms of S. Normally this ordering is irrelevant, but
sometimes it can be useful. If we have a fixed indexing/ordering of the terms of
S as in , then we let

SI) = ierdi

denote the subsequence of S consisting of those terms g; with i € I. As a matter
of abbreviation, for n > 0, we let

g =g.....ge F(X)
—_—

denote a sequence consisting of the term g repeated n times. Likewise, if T' €
F(X) is a sequence, then T = T.....T denotes the sequence consisting of
—_—

the subsequence T repeated n times. Tin both cases, the bracket in the expo-
nent is sometimes dropped when it leads to no confusion with other forms of
multiplication.

Standard notation for monoids can be used to describe all the main properties
of a sequence. In particular, for S given by ,

|S| = ¢ is the length of the sequence S,
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vg(S) ={t€[1,0]: g; =g} is the multiplicity of the term g in S,
h(S) = max{v,(S) : g € X} is the mazimum multiplicity of a term of S, and
supp(S) = {g € X : v4(S) > 0} is the support of S.

The support is the set of all elements that occur as terms of S, i.e., g € supp(S) if
the sequence S contains the term g. Also, T' | S indicates that T" is a subsequence
of S, meaning vy (T") < v4(S) for all g € X. The multiplicities v, (S5), for g €
X, completely characterize the sequence S, and an alternative way to write S,
without involving an implicit ordering, is as
_ [vg(S)]
5= ge.Xg ’ '
When T | S is a subsequence of S, we use 71" .S or S+ T to denote
the subsequence of S obtained by removing the terms belonging to 7', meaning
vy (T2 8) = vy (S) — vy (T) for all g € X. Also, S -T2l = 5. (Tle])l=1]
when 7] | S. Again, the brackets are sometimes dropped when this leads to no
confusion.
Whenever addition is well-defined between the terms of S given by , we let

oS)=qg+...+g

denote the sum of the terms of S. If ¢ : X — Y is a map, then ¢(S) =
©(g1) ...+ p(ge) € F(Y) is the sequence over Y obtained by applying the map
¢ to each term of S. Note that |¢(S)| = |S| always holds, regardless of the
injectivity of ¢.

3. Basic Setup

If G is a group and H < G is a subgroup, then ¢5 : G — G/H denotes the
natural homomorphism. When G = Z/nZ is cyclic and regarded as a ring, then
all subgroups H < G are also ideals, and the map ¢ is a ring homomorphism.
By the Chinese Remainder Theorem, there is a ring isomorphism

Z/nZ = (Z/p'Z) x ... x (Z/pr"Z)
z+— (x mod pl*, ...,z mod pI),
where p1,...,p, are the distinct prime divisors of n = p7* - ... pi~. It will be

more convenient to work with the isomorphic ring G = (Z/p1*Z) % . ..x (Z/p}Z)
rather than Z/nZ. When doing so, we have

2 2 2
UG == Up'fl X ... X Up:‘“"
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where Ug denotes the units in the ring G. A sequence S of terms from Z/nZ
is then a U2-weighted zero-sum precisely when the sequence of i-th coordinates
forms a Usm—weighted zero-sum for each ¢ € [1,7].

Let G be a ring isomorphic to Z/nZ and let H < G be a subgroup. Then
H = dG for some d | n. Indeed, if e € G is the identity of G, then H is generated
(as a group) by ey := deg. Moreover, H is a ring (though not a subring of G
as it has no identity) if we redefine multiplication by setting xey - yegy = zyepq,
where ey, yey € H are arbitrary elements with z, y € Z. One easily checks
that this is well-defined and indeed makes H into a ring. Note we have used - to
denote multiplication in the ring H, to distinguish it from multiplication in the
ring R inherited to the ideal H. The two are clearly different in general. Let g4 :
G — dG = H denote the multiplication by d map, so 4(zrec) = zdeg = zey,
and let - : H — Z/%7 denote the map given by Tey = x + 5Z, where x € Z.
It is easily checked that both 14 and ~ are ring homomorphisms, with the latter
an isomorphism. Thus their composition map

%:G%Z/%Z

is also a ring homomorphism given by tq(req) = va(veq) = x + %Z, where
x € Z. From the above definitions, we have the following useful property:

gh =14(g)-h forany g€ G and h € H, (3)

where multiplication in the left hand side is in the ring R and multiplication in
the right hand side is in the ring H.

Let G = Z/nZ and let ¢ : G — G’ be a surjective ring homomorphism.
Then kerp = H < G is a subgroup, thus cyclic. Then H = dG = Z/%7Z and
G’ = Z/dZ for some divisor d | n. Let Us C G and Ugr C G’ denote the units
in the respective rings G and G’. Then we have

v(Ug) =Ug. (4)

Indeed, recalling the short argument here, we see that, by composing the homo-
morphisms Z/nZ = G — G’ = Z/dZ, it suffices to prove when G = Z/nZ
and G’ = Z/dZ with ¢ given by © 4+ nZ — x + dZ. Now Ug = U, = {z + nZ :
x € Z,ged(z,n) = 1} and Uy = Uy = {x +dZ : ged(x,d) = 1}. Thus
clearly ¢(Ug) C Ugs. On the other hand, if z € Z with ged(z,d) = 1, then
y=x+py---p:d € Z, where py,...,p; are the distinct prime divisors of n that
do not divide lem(z, d), has ¢(y + nZ) = x + dZ € Uy with ged(y,n) = 1 (the
latter is easily seen by noting ged(y,p) = 1 for any prime p | n, distinguishing
three disjoint cases depending on whether p | z, p | d or p { lem(z, d)), which
shows that Ugr = Uy C ¢(U,) = ¢(Ug).
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As one easy consequence of , we have

on (o(UE(S) = o (6n(Ue)*(6n(S) = o (VZ/u(on(5), ()
which allows us to argue inductively using factor rings G/H. In particular,
DU?;/H (G/H) is the minimal integer ¢ such that any sequence S € F(G) with

|S| > ¢ has a nontrivial subsequence T' | S with H No(UZ(T)) # 0. As a second
consequence, we have the following lemma, which allows us to apply Theorem
inductively to a subsequence whose terms are all from a proper subgroup
H < G = 7Z/nZ, even though H is not a subring of G.

Lemma 3.1. Let G be a ring isomorphic to Z/nZ, let H < G be an additive
subgroup of order %, and let S € F(H) be a sequence of terms from H. Then

a(U4(S)) = a(Us,4(9)),

where H = H = 7] %7 is the ring isomorphism described above. In particular, a
sequence S € F(H) is a Uk-weighted zero-sum in G if and only if S € F(Z/%7)
5 a Ufb/d—weighted zero-sum in L] 5 7.
Proof. Let S=s7-....-5, with s; € H and let

g=uls; +...+uls; € o(UZ(S))
be an arbitrary element, where u; € Ug. By , we have

g="1va(ui) - s1+ ...+ a(uf) - s,
so that applying the ring isomorphism * yields

g = Qa(ud)si+... +auf) 5e € o (U 4(5))
where the inclusion follows from ¢4(UZ) = ¢4(Ug)? = U? Jd (attained by apply-
ing to the ring homomorphism 14). Thus o(UZ(S)) C (U2 (7) .
On the other hand, if ¢ = vi57+ ... +v}5; € o(U? d(S)) is an arbitrary

element, where v; € Uy, /q = 14(Ug), then each v; = (ul) = alu;) for some
u; € Ug, in which case g = uis; + ...+ uisy € o(UE(S)) has g = ¢’ by the
argument above, showing the reverse inclusion. (I

The primes 3 and 5 need to be treated with extra care. If G = Z/nZ with
n = 3", then
Uz, =1+ 3G.
If n = 5", then
Uz, ={1,-1} +5G.
We also recall that —1 € Ug, for an odd prime p, precisely when p =1 mod 4.
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Let G be an abelian group and let S € F(G) be a sequence of terms from G.
If H C G is a subset, then we let Sy | S denote the subsequence consisting of
all terms from H. Thus S = Sy - Sg\u-

If S = sy....50 € F(G) with G = Z/nZ, then we generally have 3,,,(UZ(S)) #
Y, (UE(S+g)), where g € G and S+ g € F(G) denotes the translated sequence
(s1+9) ...+ (se +g) € F(G). Moreover, 0 € X,,(UZ(S + g)) need not imply
0 € X, (UZ(9)). As is often the case, the lack of translational invariance makes
dealing with %,,(UZ(S)) more complicated. However, the following lemma gives
one case when we are allowed to translate the terms of S.

Lemma 3.2. Let n and m be positive integers, let G = Z/nZ, let x € G be an
element with ord(z) = 3%, where a > 0, let S = s1+...-s4 € F(G) be a sequence
of terms from G, and let M = |{i € [1,4] : vs(ord(s;)) > a}| denote the number
of terms s; of S with vz(ord(s;)) > «. Suppose M > |S|—m+1 and 3 | m. Then

0€ %, (U&(S+2)) implies 0¢€%,,(UA(S)),
where S+ =(s1+x)-...: (sg +z) € F(G).

Proof. If 3tn, then x =0 in view of ord(z) = 3%, in which case the lemma is
trivial. Therefore we may assume 3 | n. Let

G=G3xGp x...xGp =1L/,

where p1,...,p, are the distinct prime divisors of n that are greater than 3,
Gs = Z/3"Z, and each G, = Z/q¢;Z with ¢; = p:”"(") for i = 1,...,r. By
hypothesis, there exists a subsequence s1 ...+ sy | S and

u; € UG:Ugng X Ulh X ... X UIIM
for i =1,...,m, such that
0=ui(sy+a)+...+u (s +2). (6)

Since ord(z) = 3%, we have x € G3, in which case we see that it suffices to show
that

0e U(U??M (W(S))),
where 7 : G — G3 = Z/3™Z is the projection map onto the first coordinate. To
this end, we may w.l.o.g. assume G = G5 = Z/3"Z, in which case U% = 1+ 3G
and it remains to show
0 € a(U(S)). (7
Since UZ = 1+ 3G, each u? = 1+ 3v; with v; € G, for i = 1,...,m, and now

@ yields

0 = (143v)s1+2)+...+ (1 +30m)(8m +2)
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= o(S)+ 3isivi + (m + 3§:vi)x. (8)

We may w.l.o.g. assume ord(s;) = max{ord(s;) : i € [1,m]} = 37, in which case
($1,...,8m) =3"7F@ (9)

with s; € 378G \ 3"~ A+1G. By hypothesis, M > |S| — m + 1, so that the
pigeonhole principle ensures that ord(s;) > 3% for some i € [1,m]. Thus 8 > «,
so that

r €3G < 3mThG. (10)
Consequently, we see that , combined with @D, and the hypothesis 3 | m,
yields

m m
o(S) = —3281% - (m + 32’%)1‘ € 3n—ftlg (11)
i=1 i=1
Since U = 1+ 3G, it follows (in view of the definition of 3 and s1) that
m

O'(Ué(S)) = Z(l + 3G)3i = 0’(5) + 351G = 0—(5’) + 3”3—B+1G
i=1
is a 378~ A1 G-coset, which combined with equation implies 0 € 3" A+1G =
o(U&(9)), yielding (7) and completing the proof. O

Finally, we recall the following classical result from design theory [Kil Section
12.1.6].

Theorem 3.3. Let H be a hypergraph on v vertices such that any two vertices
of H are contained in a unique edge of H (i.e., H is a pairwise balanced design
with A = 1). Let K' C N be a subset that contains all numbers that occur as a
size of an edge of H, and let B(K') = ged{k(k —1): k€ K'}. Then

v(v—1)=0 mod B(K").

4. Representation Lemmas

In this section, we use the method of exponential or character sums to give
precise information about which elements can be represented as a U2-weighted
sum for n = p® an odd prime power. To this end, if S = s7-...- sy is a sequence
of integers, ¢ € Z and ¢ = p® is an odd prime power, then we let N,(¢;.S) to be

pUSIEOHS (g, ap) €Up x ... x Uyt adsy+...+afsg = —t mod g}

8
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and denote an appropriately scaled multiple of the number of representations
modulo ¢ in o(UZ(S)) of —t. Thus N,(t; S) > 0 precisely when —t € o(UZ(S))
modulo gq.

The following lemmas will show that many elements of Z/qZ can be repre-
sented as U2-weighted subsequence sums of very short sequences S € F(Z/qZ)
(of length 2, 3 or 4) provided the terms of S are units, i.e., generating elements
for Z/qZ. They also give precise information about how many representations as
a UZ2-weighted subsequence sum each —t € Z/qZ has in terms of the quadratic
character x, : U, — {—1,1}, which is the multiplicative group homomorphism
that takes an element = from the multiplicative group Uy of units in Z/¢Z and
assigns the value 1 or —1 to x according to whether x is a square or not. Thus,
for € Z with ged(z,p) = 1, we have x,(z) = 1 if z = y*> mod p for some
y € Z, and x,(z) = —1 otherwise.

Lemma 4.1. Let ¢ = p® be an odd prime power, let t € 7Z be an integer, let
z,y,z € Uy be units in Z/qZ, and let x = x, be the quadratic character modulo

p.
1. For ged(p,t) = 1, we have
Ny(tiz-y-2) = (p—1)° + x(tzyz)p®
+ (=PI 2 (y(zy) + x(yz) + x(27) + x(tz) + x(ty) + x(t2))p + 1.

2. Forp|t, we have
Ny(t;z-y-2) = (p—1)° = (=)D 2(x(wy) + x(y2) + x(22))(p — )p— (p— 1).

Proof. Weset e(z) = exp(2mix), where i = y/—1 here. We will use the following
Gauss sums:

G(h,d);e(ﬁz) and  G*(h,d) = uz: e<h:;2>.

ged(u,d)=1

Firstly, for 5 > 2 and p 1 h, one has

u=1 u=1 pB
plu
A hv?
=Ghp) =Y Y e (pﬂ_z) = G(h,p") — pG(h,p"~2),
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where we have considered the change of variables u = v + p®~2w. Secondly, still
assuming 3 > 2 and using the change of variables u = v+p®~lw € [1,p?%], where
w € [0,p — 1] and v € [1,pP~1], for the first equality below, we have

L, hv? Pl 2hvw ! ho? 7 hv?
a0 =X () T e (57) =r X () =r 2 (55)
v=1 p w=0 p v=1 p v=1 p
plv
=pG(h,p"?),

where the second equality follows from the fact that sum of all p-th roots of unity
is zero (along with the hypotheses p odd and ged(p, h) = 1); see [Grl, Chapter 1]
or [Na, Chapter 2.7]. Hence

G*(h,p®)=0 for §>2and pth. (12)

Using the exponential sums G*(h,p?) (see [Na, Chapter 2.7] or [G1l, Proposi-
tion 19.1] for the first equality), we may express Ny(t;z -y - z) as

1 r * * o * o ht
Ny(tsz -y 2) = WZG (hx, p*)G* (hy, p*)G* (hz,p )e(ﬁ)
h=1
T ht
=(p— 1>3+WZ > G (hap™, p“)G*(hypa_Bypa)G*(tha_ﬁ,pa)e(ﬁ)
B=1h=1
pth

8

1 . — : * * * ht
=00 gy 2D 36 k) )G (hzp)e( 5 ).

3o B
p h=1
pth

which gives, by ,

Ny(tiz-y-2)=(p—1)° + i G* (hz,p)G™(hy, p)G™ (hz,p)e <f;t>
h=1

= (p— 1) + 3 (Glha.p) ~ 1)(Glhy.p) ~ 1) (Glhz.p) ~ V)e (}D '

h=1

10



A WEIGHTED ZERO-SUM PROBLEM WITH QUADRATIC RESIDUES

We know that G(h,p), for p1 h, can be related to the usual Gauss sums 7(y) =

ZX e(a/p):
Ghp) =" x(a)e (Z) = 3 (b (Z) — 00 = x(W)r().
b=1

a=1

where the * used above refers to complex conjugation, so that x(h) = m =
x(h)™! = x(h™1), and where the second equality follows by using the substitu-
tion b = ah. We now use the classical identity 7(x) = /p or i,/p according to
p =1mod4 or p=3mod4 (cf. [Ay, Theorem 4.15, p. 315]). We let E be the
error term E = N,(t;z -y - 2) — (p — 1)3. Hence, for p =1 mod 4,

p—1

h=1

= (P**x(zy2) + vP(x(x) + x(¥) + x(2))) i x(h)e (ht>

h=1 p

— (plxlen) + x(w2) 4 x(e) +1) S (1),

h=1

If ptt, then > 5 1X h)e(%)
E = p*x(zyzt) + p(x(at) + x yt) + x(2t) + x(zy) + x(yz) + x(22)) + 1.
hle(%) =

e(% 0and Y 7_ 16( L) = p— 1, whence

x(t)y/p and Y53 e(%) = —1, whence

If p|¢t, then Y 7_ 1X

E = —p(p — 1) (x(zy) + x(y2) + x(z2)) — (p — 1).
We argue similarly when p = 3 mod 4. |

Consequently, if p | ¢, then N, (¢; x-y-2) > 0 when p > 24 (—1)P=D/2(y(zy)+
Xx(yz) + x(zz)), which is always the case for p > 5. If p { ¢, then we could
observe that N,(t;z-y-2) = (p— 1) — p?> + 1 if tzyz is not a square modulo
p, and Ny(t;z-y-2) > (p—1)> + p* — 6p + 1 if tayz is a square modulo p.
Hence Ny(t;z-y-2z) > 0if p > 5. Applying this to p = 5, one gets Usa C
U2.(z) + U2.(y) + U (2). Since UZ. = {1,4} + 5(Z/5*Z), we deduce, when
51 zyzu, that

Uza (2)+Uza (y) + Uga (2) + Uga (u)
=1{1,2,3,4} + 5(Z/5°Z) + {u,4u} + 5(Z/5°Z) = Z/5*Z.  (13)

11
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This property has been obtained in [CM] by using Kneser’s Theorem.
For p = 5, our results are still unsatisfactory when 5 | ¢. Hence we need an
additional result.

Lemma 4.2. Let ¢ = p® be an odd prime power, let t € 7Z be an integer, let
z,y € Uy be units in Z/qZ, and let x = x,p be the quadratic character modulo p.

1. For p1t, we have
Ny(tz-y) = (p—1)° = (=)D 2(x(wy) + x(t) + x(ty))p — 1.
2. Forp|t, we have
Ny(t;z - y) = (=1)P~D2x(zy) + V)p(p - 1).

Proof. We argue as in the preceding lemma and consider only the case p =
1 mod 4. We write N,(t;z-y) = (p — 1)> + E, where

p—1
ht
B =3 (x(ha) 5 - D)5 - Ve ()

h=1

N (ht = ht
— ) + D Y e (%) = Vil + X)) X xthre ().
h=1 p h=1 p
and the result follows by distinguishing the cases p | t and p 1 . (I

We deduce from it that, if ¢ is a multiple of p = 1 mod 4, and if xy is square
modulo p, then ¢t € Uza (z) + Uz(, (y). Moreover, for each such p > 5, every
invertible residue class modulo p® is in UZ. (x) + Upa (y).

We now summarize the key points of the previous lemmas.

Lemma 4.3. Let ¢ = p® be an odd prime power, let G = Z/qZ, and let S €
F(Uy,) be a nontrivial sequence of units from G.

L Ifp>7 and |S| > 3, then o(UZ(S)) = G.

2. If p=>5 and |S| > 4, then o(U2(S)) = G.

3. If p="5 and |S| = 3, then U, C o(UF(S)) and either o(UZ(S)) = G or the

three terms of S are quadratically equivalent modulo 5 (so xs(x) = x5(y) =

X5(2), where S =z -y - z). In the later case, we have 5G C o(UZ(T)) for
any length two subsequence T | S.

4. If p=3 and o(S) € 3G, then o(UZ(S)) = 3G.

Proof. Part 1 follows by Lemma [4.1| as explained after its proof. Part 2 follows
as noted in . Part 3 follows from Lemmas and For Part 4, we have only
to recall that U, = 143G, so that o(UZ(S)) is a 3G-coset. More precisely, letting

12
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S =51-...+ 50 with each s; € Uy a unit, we have U (s;) = s; + 35;G = 5, + 3G

for each ¢ € [1,¢] (since the map z +— s;z is an isomorphism of G). Thus
¢ ¢

o(U2(S)) = Y U2(si) = Y. (si+3G) = 0(S) 4+ 3G = 3G, with the final equality
i=1

=1

in view of the_hypothesis o(S) € 3G. O

5. Stable Sequences and Pairwise Balanced Designs

For the proof of our main results, we will utilize an inductive structure that
works in greater generality and which has nothing inherit to do with weighted
subsequence sums. We present the ideas here.

Let G be a finite abelian group and let S be the set of subgroups of G. Let

fISG—>Z+

be a function that assigns a positive integer to each subgroup of G. We say that
f is admissible provided

Al. f(Hy) < f(H3) for any subgroups H; < Hs < G, and

A2. f(Hl +H2) < f(H1)+f(H2) —f(Hl ﬁHg) for any subgroups Hy, Hy <G.
If the inequality in A1l is always strict when H; < Hs, then we say that f
is strictly admissible. Given a finite abelian group G, an admissible function
f:8c = ZT, a sequence S € F(G), and a subgroup H < G, we say that H is
f-stable in S provided

S1. (supp(Sy)) = H, and

S2. [Sg\mv| = f(H) — f(H') + 1 for all proper subgroups H' < H.
We say that the sequence S is f-stable provided (supp(S)) is f-stable in S. Note
that Sy is f-stable when H is f-stable in S.

Finally, if f is admissible for G and K < @ is a subgroup, then we can define
another function fx : 8¢ — Z™T by setting fx (H) = f(K+H). If H; < Hy < G,
then K + H; < K 4+ Hy < (G, so Al holding for f ensures that Al holds for fx.
We also have

fx(Hi+ Hy) = f(K + Hy + K + Hy)
< f(K+ Hy)+ f(K + Hz) — f((K + H1) N (K + Ha))
< f(K+ Hi)+ f(K + Hs) — f(K + (Hi1N Hz))

fr(Hy) + fr(Hz2) — fx(Hy 0 Ha),

13
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where the first inequality follows from A2 for f, and the second from Al for f
along with the inequality K + (H; N Hy) < (K + Hy) N (K + Hj). This shows
that fx is admissible for G. Also, observe that fx = f when K is trivial.

The basic idea is as follows. Suppose one has a combinatorial invariant for
certain finite abelian groups, like a weighted Davenport constant, that represents
the minimal length so that all sequences of this length possess a desired property,
e.g., contain a weighted zero-sum subsequence. If one wishes to show that the
function f is an upper bound for this combinatorial invariant and is proceeding
inductively, then the general procedure is to take a sequence S € F(G) of length
|S| = f(G) with (supp(S)) = G and assume S2 holds, else the theorem follows
by applying an induction hypothesis to some subsequence Sy € F(H) having
|Su| = 1S| = [Sa\u| = f(G) = |Se\u| > f(H). Of course, one may not be able
to effectively use the inductive hypothesis on certain subgroups H < G, so it
may be necessary to modify the function f to exclude these groups, hence the
definition of fx. This will be our general strategy for bounding Dy2 (Z/nZ) in
the next section. We now proceed with showing that there is always a certain
underlying structure inherent when dealing with this general setup. Indeed, this
structure will eventually allow us to define a pairwise balanced design with A =1
at the end of the section.

Lemma 5.1. Let G be a finite abelian group G, let f : 8¢ — ZT be an admissible
function, and let S € F(G) be sequence of terms from G. Then there exists a
minimal subgroup H < G such that
[Se\u| < f(G) — f(H).
Moreover, if |S| > f(G) — f(H) + 1, then H = (supp(Sg)) is f-stable in S.
Proof. Let Go = (supp(S5)). Then [Sg\¢,| = 0 < f(G) — f(Go) in view of Al.
Thus, since G is finite, there must exists a minimal subgroup H < G such that
[Se\u| < f(G) — f(H).
If we also have |S| > f(G) — f(H) + 1, then Sy will be nontrivial. Thus, in
view of A1, we must have (supp(Sg)) = H, else the subgroup (supp(Sp)) would
contradict the minimality of H. If S2 holds, then H is stable, as desired. Other-
wise, there exists a proper subgroup H’ < H such that [Sg\p/| < f(H) — f(H').
However, in this case, we have
1Sevmr| = |Sevu| + |Savmr| < f(G) = f(H) + f(H) — f(H') = f(G) — f(H),
so that H’ contradicts the minimality of H. (I

Lemma 5.2. Let G be a finite abelian group G and let f : 8¢ — ZT be an
admissible function such that f(Hs) > f(Hi) + € whenever Hy < Hs < G,

14
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where e € ZV. Let S € F(G) be sequence of terms from G that is f-stable with
(supp(S)) = G, and let K < G be a subgroup.
If H < G is a subgroup with |Sc\u| < fx(G) — fx(H) + €, then K < H.

Proof. Assume by contradiction that H < H + K < G. Then f(H + K) >
f(H) + € by hypothesis, so that our other hypotheses give

ISe\ul < fr(G) = fx(H)+e=f(G) = f(K+ H)+e< f(G) = f(H).

However, since (supp(S)) = G by hypothesis, this contradicts that S is f-stable.
(Il

Lemma 5.3. Let G be a finite abelian group G, let f : 8¢ — Z* be a strictly
admissible function, let S € F(G) be sequence of terms from G that is f-stable
with (supp(S)) = G, and let K < G be a subgroup.

Suppose T | S is a subsequence such that |T| < fx(G) — fx(H) + 1, where
H = (supp(S - T[_l])). Then K < H. Moreover, if H < G 1is proper, then
S .71 = SH.

Proof. By hypothesis, we have

ISevu| < |T| < fx(G) = fr(H) + 1.
As as result, since f is strictly admissible, Lemmal5.2]yields K < H. Now assume
H < G is proper.

If [Sevul < fk(G) = fr(H) = f(G) — f(K + H) = f(G) — f(H), where
the latter equality follows in view of K < H, then this would contradict that S

is f-stable with (supp(S)) = G. Therefore we may assume |Sq\g| > fr(G) —
fx(H) + 1, which forces equality to hold in our earlier estimate:

|Senu| =T = fx(G) — fx(H) + 1.

Since H = (supp(S-T1~1)), the only terms of S that can be from G'\ H are those
from T'. Consequently, the equality |Sey | = |T7| is equivalent to .S T = Sy,
as desired. O

Lemma 5.4. Let G be a finite abelian group G, let f : 8¢ — ZT be an admissible
function such that f(Hy) > f(Hy) + € whenever Hy < Hy < G, where ¢ € Z7T,
let S =81-....80 € F(G) be sequence of terms from G that is f-stable with
|S| = f(G) and (supp(S)) = G, and let K < G be a subgroup with f(K) > e+1.

Suppose T = S(I) | S is a subsequence with |T| < fx(G) — fx(H) + € and
supp(S - T € H < G, where I C [1,£]. Then there exists a subsequence
U=S8(J)|S such that

1. 1CJ,s0T|U,

15
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2. K <L < H, where L = (supp(S - U[*l]»,
3. U] £ fr(G) = fr(L) + €, and
4. S U s fx-stable.

Proof. Since f(Hz) > f(Hy)+ € whenever H; < Hy < G, and since |Sg\ | <
IT| (in view of supp(S - TI=Y) C H), Lemm implies that K < H. Let
S = 8.7l € F(H) and apply Lemma to the sequence S’ € F(H)
using the admissible function fx. Let L < H be the resulting subgroup and let
U= S}{\L - T, so that

S, =885 =57 gl = 5. Ul (14)

Then Lemma [5.1] and our hypothesis |T| < fx(G) — fx(H) + € yield
[Senel < U= S| + 17| < fr(H) = fr(L) + (fx(G) = fx(H) +€)
= fx(G) — fx(L) +e.
Consequently, since f(Hz) > f(Hi) + € whenever H; < Hy < G, Lemma
implies that K < L, whence
1S =S| = |T| = fx(H) — € = fr(H) — fx(K) + 12 fx(H) = fx(L) +1,

where the first inequality follows in view of the hypotheses |S| = f(G) = fk(G)
and |T| < fx(GQ) — fx (H) +e¢, the second from the hypothesis fx(K) = f(K) >
€+ 1, and the third in view of K < L and Al. Thus Lemma [5.1] further implies
that L is fx-stable in ', implying that S} = S - U= (see (14))) is an fx-stable
sequence and that L = (supp(S})) = (supp(S - UI"Y)). Letting T = S(I) and

U= S(J), with I, J C [1,4], we clearly have I C J in view of the definition of
U, and all parts of the lemma have now been established. (I

Lemma 5.5. Let G be a finite abelian group G, let f : 8¢ — Z* be a strictly
admissible function, let S = s1-...-sy € F(G) be sequence of terms from G that
is f-stable with |S| = f(G) and {(supp(S)) = G, and let K < G be a subgroup
with f(K) > 2.
Suppose Ty = S(I1) | S and Ty = S(I3) | S, where Iy, I C [1,4], are subse-

quences such that, fori=1,2,

(a) S- Ti[fl] is fx-stable and

(b) T3] < fx(G) — fre(Hy) + 1, where H; = (supp(S - T, ).
If I NIy # 0, then there exists a subsequence T = S(I) | S, where I C [1,4],
such that

(i) S- T is fr-stable,
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(it) |T| < fx(G) = fx(H) + 1, where H = (supp(S - TT1)),
(111) Il UI2 Q I and H S H1 ﬂHg.

Proof. If Hy = G, then (b) implies |T1| < 1. Hence, since I; N Iy # 0, this
forces I C I, so that the theorem holds with [ = I, T = Ty and H = H,.
Therefore we may assume H; < G is proper. Likewise, we may assume Hs < G
is proper. Consequently, Lemma [5.3] implies that

K<H NH, and Sy =8-T " fori=1,2 (15)

Let I' = I; UIy and let 7 = S(I') | S. Since supp(S - Ti[_l]) C H;, we have
supp(S - T’[_l]) C Hy N Hy. Indeed, Sy,nm, =S - 711,
If

|T’| =L UDL| < fk(G)— fx(HyNHy)+1, (16)
then, since f is strictly admissible with f(K) > 2, we can apply Lemma
(with e = 1 and H taken to be Hy N Hsy) to the sequence T”, resulting in the the
desired subsequence T' = S(I) | S with I} U I = I’ C I. Therefore, we see that
it suffices to show holds to complete the proof.

From (b), we know
|| =|Th| < fx(G) = fr(H1)+1 and |lo| = T3] < fx(G) — fr(Hz)+1. (17)
Now § - S(I) N L)Y = Sy, - Sy, + S, follows in view of (T5). Thus S -

1NHy
S(I, N L)Y | Sy, 4 51,. Consequently, we must have

[N 1a| = [S(I1N12)| > fr(G)— fr(Hi+H2)+1 = f(G)— f(H1+Hg)+1, (18)
where the latter equality follows in view of K' < H1NH,. Indeed, if H; +Hs = G,
then follows from the fact that I; N Iy is nonempty by hypothesis. On
the other hand, if Hy + Hy < G is a proper subgroup and fails, then
ISen (o +Ha)| < 1N 1| < f(G) — f(Hy + Ha), contradicting that S is f-stable
with (supp(S)) = G by hypothesis. But now, combining with (17), we
obtain
|1 U L] = L]+ |I2] — |11 N s

< (f(G) = fr(H1) +1) + (fx(G) — fx(H2) + 1)

— (fx(G) = fx(Hy + H2) + 1)
= [k (G) = fx(H1) — fx(H2) + fx(H1 + H2) + 1
< fk(G) = fxk(Hi N Hz) + 1,

where the final inequality follows from A2. This establishes 7 completing the
proof as already remarked. (I
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Let G be a finite abelian group G, let f : 8¢ — Z™ be a strictly admissible
function, let S = s1 - ...+ s, € F(G) be sequence of terms from G that is f-
stable with |S| = f(G) and (supp(S)) = G, and let K < G be a subgroup with
FUK) > 2,

Given these hypotheses, we can define an equivalence relation on the terms
of the indexed sequence S by saying s, ~ s,, where z, y € [1,/], (formally, by
saying x ~ y, since we regard terms of the indexed sequence as being distinct
when their indices are distinct, regardless of whether s, = s, as elements of G)
provided there exists a subsequence T' = S(I) | S, where I C [1,¢], such that

Cl. z,y€el,
C2. - T is fr-stable
C3. |T| < fx(G) — fx(H) + 1, where H = (supp(S - TI=1)).

The definition of ~ is clearly symmetric. To show ~ is reflexive, i.e., that s, ~ s,
apply Lemma (with e =1 and H taken to be G) to the subsequence T = s,.
Finally, transitivity of ~ follows from Lemma An equivalence class defined
by ~ will be called an fx-component of S. Of course, since each fx-component
is an equivalence class, we have a factorization S = Ty - ... T}, where the
T; € F(Q) are the fx-components of S.

Lemma 5.6. Let G be a finite abelian group G, let f : 8¢ — ZT be a strictly
admissible function, let S = s1+...-s; € F(G) be sequence of terms from G that
is f-stable with |S| = f(G) and (supp(S)) = G, and let K < G be a subgroup
with f(K) > 2.

Suppose T | S is an fix-component of S. Then T satisfies C2 and C3 and
K < H, where H = (supp(S - T[=1)).

Proof. Thisis asimple consequence of Lemma[5.5] The sequence T}, exhibiting
that s, ~ s;, where s, is a term of T, shows that there exists a nontrivial
subsequence of T that satisfies C2 and C3. Thus let 77 = S(I’) | T be a maximal
length subsequence satisfying C2 and C3, where I’ C [1,¢]. If, by contradiction,
there is some term s, of 77" then let 7" = S(I") be a sequence exhibiting
that s, ~ s,, where s, is a term of T". Then € I' N I"" and z € I" \ I'. Hence
|[I'UI"| > |I'| = |T’| and I'NI" # 0. Applying Lemmal[5.5]to 7" and 7", we find
a third subsequence R = S(J) | S satisfying C2 and C3 with I' UI” C J. All
terms of R must be equivalent, implying R | T, so R contradicts the maximality
of T" in view of |[I'UI"”| > |T"|. This shows that the fx-component T" must satisfy
C2 and C3. Let H = (supp(S-T1~Y)). Then [Se\ x| < |T| < fx(G)— fx (H)+1,
so that Lemma [5.2] implies K < H, completing the proof. ([l
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Lemma 5.7. Let G be a finite abelian group G, let f : 8¢ — ZT be a strictly
admissible function, let S = s1+...-s; € F(G) be sequence of terms from G that
is f-stable with |S| = f(G) and (supp(S)) = G, and let K < G be a subgroup
with f(K) > 2.

If s, € supp(S)NK, then s, is an fx-component of S and (supp(S-stl]» =
G.

Proof. Let T = S(I) | S be the component of S that contains s,, so z € I, and
then let H = (supp(S-TI1)). By Lemma C2 and C3 hold for T'. If H = G,
then C3 implies that |T| = 1, in which case T' = s, is itself a component, as
desired. On the other hand, if H < G is proper, then Lemma [5.3] implies that
S.TI-1 = Sy with K < H. In other words, supp(T) € G\ H C G\ K. However,
this contradicts that s, is a term of T' from K. O

Let G be a finite abelian group G, let f : 8¢ — Z* be an admissible function
such that f(Hsz) > f(H1)+2 whenever Hy < Hy < G,let S =s1+...:50 € F(G)
be sequence of terms from G that is f-stable with |S| = f(G) and (supp(S)) = G,
and let K < G be a subgroup with f(K) > 3. These are the same hypotheses
needed to define fx-components with the mild strengthening of now requiring
f(K) >3 and f(Hs) > f(Hy) + 2 instead of f(K) > 2 and f(Hs) > f(Hy)+ 1.

A subsequence T'= S(I) | S, where I C [1,/], is called an fx-near-component
if
NC1. ST is fx-stable,

NC2. fx(T) < fx(G) — fx(H) + 2, where H = (supp(S - TI=1)), and
NC3. T is a maximal (by inclusion) subsequence of S such that NC1 and NC2
hold.

Lemma 5.8. Let G be a finite abelian group G, let f : 8¢ — ZT be an admissible
function such that f(Hs) > f(H1) + 2 whenever Hy < Hy < G, let S=81+...+
s € F(QG) be sequence of terms from G that is f-stable with |S| = f(G) and
(supp(S)) = G, and let K < G be a subgroup with f(K) > 3.

If T'| S is an fx-near-component of S, then T contains terms from at least
two distinct fr-components of S and K < H, where H = (supp(S - TI=1)).
Furthermore, for any two terms s, and s, of S with z, y € [1,] distinct, there
exists an fr-near-component T = S(I) | S such that z, y € I.

Proof. Let T | S be an arbitrary fx-near-component of S and let H =
(supp(S - TI=1)). In view of the hypothesis f(Hy) > f(H;)+2 for Hy < Hy <G
and Lemma we have K < H. If, by contradiction, 7' does not contain
terms from at least two distinct components, then T must be contained in a
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single component of 7', in which case the maximality condition NC3 forces T’
to be equal to this frx-component. Thus |S| = fx(G) > fx(G) — fx(K)+3 >
fx(G) — fx(H) + 3, where we have made use of the strengthened hypothesis
fx(K) = f(K) > 3 for the first inequality and A1l and K < H for the second.
Consequently, S - T1=1 must contain at least two terms of S (in view of C3 for
the component T'). Let g € supp(S - T1=1) and apply Lemma with e = 2 to
T - g. Then the resulting sequence U | S satisfies NC1 and NC2 with ¢ - T | U,
contradicting the maximality condition NC3 for T'.

Now assume s, and s, are terms from S with z, y € [1, /] distinct. Applying
Lemma (with € = 2 and H taken to be G) to the subsequence s, - s,, we
find a subsequence T' = S(I) | S that satisfies NC1 and NC2 with z, y € I,
meaning T is contained in a maximal subsequence satisfying NC1 and NC2, as
desired. O

Lemma 5.9. Let G be a finite abelian group G, let f : 8 — Z be an admissible
function such that f(Hz) > f(Hy) + 2 whenever H1 < Hy < G, let S=s1+...+
s¢ € F(G) be sequence of terms from G that is f-stable with |S| = f(G) and
(supp(S)) = G, and let K < G be a subgroup with f(K) > 3.

IfT=S)|S is an fix-near-component of S, then T =Uy - ... U,, where
each U;, fori € [1,7], is an fix-component of S. In particular, each U; = S(I;)
with I; € [1,£] and [ U...UI. =1 a disjoint union.

Proof. If the lemma is false, there must exist a component U = S(J) | S such
that I NJ # @ and J € T (recall that the components of S are equivalence
classes, meaning they partition the terms of S). Let H = (supp(S - T1=11)) and
L = (supp(S - UI71)).

We have

[ =|T| < fx(G) = fx(H) +2 and |J|=|U| < fr(G) = fx(L)+1 (19)

in view of NC2 and C3. Now S - S(InJ)=1 | (S 7). (S UFY), in turn
implying S-S(INJ)=1 | Sy - S, (since S-TH | Sy and S+ U1 | Sy), which
ensures S - S(INJ)U | Spyp.

Consequently, we must have

INJl=[SUNJ)| = fx(G) = fr(H+ L)+ 1= f(G) - f(H+L)+1, (20)

where the latter equality follows in view of K < L (from Lemma . Indeed,
if H+ L = G, then follows from the fact that we initially assumed I NJ to
be nonempty. On the other hand, if H + L < G is a proper subgroup and
fails, then |Se\(#+1)| < f(G) — f(H + L), contradicting that S is f-stable with
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(supp(S)) = G. But now, combining with and using A2, we obtain
[TUJ] < fx(G) = fr(HNL)+2

by the same calculation used at the end of the proof of Lemma Since S-T1-1
Sy and S - U | Sy, we have S - S(TU J)I=YU | Syar. Apply Lemma
(with € = 2 and H taken to be H N L) to the sequence S(I U J). Let W | S
be the resulting sequence satisfying NC1 and NC2 with S(I U J) | W. Then
T =S(I) | W while |[W| > |IUJ| > |I] in view of our initial assumption J ¢ I.
Thus W contradicts the maximality condition NC3 for the fx-near-component
T = S(I), completing the proof. O

Lemma 5.10. Let G be a finite abelian group G, let f : 8¢ — Z* be an
admissible function such that f(Ha) > f(H1) + 2 whenever Hy < Hs < G,
let S =81-...-8 € F(G) be sequence of terms from G that is f-stable with
|S| = f(G) and (supp(S)) = G, and let K < G be a subgroup with f(K) > 3.

IfT =S(I) and T' = S(I') are distinct fi-near-components of S (so I #1")
with INT #0, then U =S(INI') is an fx-component of S.

Proof. Let H = (supp(S - TI=1)) and let H' = (supp(S - T’[_”)>. By Lemma
m, we know that U = S(I N1I') is a union of fx-components of S. Our goal is
to show that it is a single fx-component. By NC2, we have

I =|T| < fx(G)—fx(H)+2 and |I'|=|T"| < fx(G)—fx(H")+2. (21)
Now S-S(INI)=1|(s. 7). (S-T’[_I]), in turn implying S - S(INT")-1 |
Sy + Sy (since S - TI=1 | Sy and S - =1 | Sg), which ensures

S SN Sy p.
In view of Lemma [5.8, we have
K<HNH.
Suppose
IS(INI)| < fr(G) — fx(H+H') + 1.

Then we can apply Lemma (with e = 1 and H taken to be H + H') to the
sequence S(I NI') to conclude that S(I NI’) is contained in an fx-component
of S. However, since S(I NI') is a union of fx-components, this is only possible
if S(INI')is actually equal to a single fx-component, as desired. So we may
instead assume that this inequality fails:

1SUNT)| = fx(G) = fx(H + H') +2. (22)
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Combining and and using A2, we find, as argued in Lemma and
Lemma that

TUT|=|STUT)| < fx(G) — fx(HNH) +2.

Also, supp(S + S(I U I")=1) C supp(S - S(I)=U) = supp(S - TI=1) € H and
supp(S - S(I U I')=1) C supp(S - S(I')=1) = supp(S - T'"Y) € H’, so that
supp(S-S(IUI’)=1) C HNH'. Thus we may apply Lemma (with e = 2 and
H taken to be HN H') to S(IUT"). Let W be the resulting sequence satisfying
NC1 and NC2 with S(I U I') | W. Then, since [W| > |I U I'| with I # I’ (by
hypothesis), this contradicts the maximality condition NC3 for either T' = S(I)
or T/ = S(I'), completing the proof. O

Lemma 5.11. Let G be a finite abelian group G, let f : 8¢ — Z1 be an
admissible function such that f(Hs) > f(Hy) + 2 whenever Hy < Hy < G,
let S =s1-...80 € F(G) be sequence of terms from G that is f-stable with
|S| = f(G) and (supp(S)) = G, and let K < G be a subgroup with f(K) > 3.

If T | S is an fx-near-component of S and s, € supp(T) N K, then T - si[,_”
s an fx-component of S.

Proof. Let H = (supp(S - T=1)) and let S’ = S . T, By Lemma we
have K < H. From NC2, we have

1T 0V < fr(G) — fre(H) + 1. (23)
By NC1, we have

(S s2)mil = 1St = fr(H) — fr(L) +1

for any proper subgroup L < H. Moreover, since s, € K < H, we have (supp(S’-
s5¢)) = (supp(S")) = (supp(S - TI-1)) = H, so that " - s, = §- T .5, =
S - (T - 5&71])[_1] is fx-stable. Combined with , this shows that T+ i
satisfies C2 and C3 and is thus contained in an fx-component of S (as this
[—1]

shows all terms from T - s are equivalent to each other under ~).

By Lemma 5.7} we know s, is an fx-component of S. In consequence, Lemma
implies that T - si % is a union of fr-components. However, since T - s
was just shown to be contained in an fx-component of S, the only way this is

now possible is if T" - sE 1 s itself an fr-component of S, as desired. (]

We now come to the crux of the section, showing that the above setup leads
to a well-defined pairwise balanced design with A = 1.

Theorem 5.12. Let G be a finite abelian group G, let f : 8¢ — Z* be an
admissible function such that f(Hs) > f(Hy) + 2 whenever Hy < Hy < G,
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let S =s1-....80 € F(G) be sequence of terms from G that is f-stable with
|S| = f(G) and (supp(S)) = G, and let K < G be a subgroup with f(K) > 3.
Let S =Ty-...-T,, where the T; = S(I;) € F(G) are the fi-components of S.
Let H be the hypergraph whose vertices are the fx-components of S (formally,
the integers from [1,7]) with edges corresponding to the fx-near-components via
Lemma (5.9, so A C [1,7] is an edge when S(U;c 4 Ii) = ie.ATi is an fr-near-

component of S. Then H is a pairwise balanced design with every pair of vertices
contained in a unique edge.

Proof. In view of Lemma the hypergraph H is well-defined. Moreover,
Lemmas[5.9 and [5.8 ensure that any two components are contained in a common
near-component. Finally, if two distinct components of .S were contained in two
distinct near-components T' = S(I) and 77 = S(I’), then the intersection of these
near-components would contain at least two components, contrary to Lemma
EI0 The theorem follows. O

6. Proof of Theorems [1.1] and [1.2]

We begin with the lower bound.
Lemma 6.1. Let n > 1 be an odd integer. Then
Dyz2(Z/nZ) > 2Q(n) + 1 + min{vz(n), vs(n)}.
Proof. Let ng =v3(n) and let ng = vs(n). Let
G=G3x G5 xGp, x...xGp =1L/,
where p1,...,p, are the distinct prime divisors of n that are greater than 5,

Gy = Z/3Z, Gs = Z/5"Z, and each G,, = Z/q;Z with ¢; = pzpi(”) for
t=1,...,7. It is easily seen that

Dyz(Z/nZ) = Dz (G) > Dy, (H) + Y _(Duz (Z/aiZ) — 1), (24)
=1

where H = Gg X G5.

Let p be a prime and let K = Z/qZ with ¢ = p™. We say that kk e K
are quadratically equivalent (resp. inequivalent) modulo p if kk is a non zero
square (resp. is not a square) modulo p. We first assume that p > 7. Let S
be a sequence of length 2Q(p™) = 2m consisting of two terms p'k;, p'k; from
p'K \ ptK, for i = 0,1,...,m — 1, such that ki,ici are either quadratically
equivalent modulo p (if p = —1 mod 4) or quadratically inequivalent modulo p
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(if p=1 mod 4). Suppose T | S is a Uz-weighted zero-sum. Let j € [0,m — 1]
be the minimal integer such that 7" contains a term from p’ K \ p’ 71 K. Then, by
construction of S, it follows that 7' contains either a single unit (i.e., generator)
from K’ = (supp(T)) = p’ K or else exactly two units pjkj,pjl;j from K’, such
that k;, Ich are either quadratically equivalent modulo p (if p = —1 mod 4) or
quadratically inequivalent modulo p (if p = 1 mod 4). It is then clear from
Lemma that T cannot be a Uz-weighted zero-sum. So we instead conclude

that S is free of Uz-weighted zero-sums, implying

DUg(Z/qZ) > 1S|4+1=2m+1 for any prime p > 7
and ¢ = p™ with m > 0. (25)
Let m = min{ng, ns} and let M = max{ns, ns}. If n5 > ns, let
h; = (O) 5n5_m_igi)a
hi = (0,5™~™7g;) € {0} x 5" TiGy \ 5me TGy C H,
fori=1,2,...,n5—m=mn5 —n3z =M —m,
be two elements such that g;,g; are quadratically inequivalent modulo 5 (say
g, = 1 and gl = 2) If ns < ngz, let
hi = (37" g;,0),
hi = (3™ 1 G;,0) € 37T IG \ 3™ T Gy x {0} C H,
fori=1,2,...,n3—m=mng—ns =M —m,
be two elements such that g;, §; are quadratically equivalent modulo 3 (say g; =

gi =1).
Set

S — (3113—17577,5—1)[5] . (3113—27577,5—2)[5] .. (3n3—m75n5—m)[5] .
K3
S .F(G?, X G5)

Observe that |S| = 5m + 2(M —m) = 2M + 3m = 2n3 + 2n5 + m = 2Q(|H|) +
min{ng, ns}. Suppose T' | S is a nontrivial U%-weighted zero-sum subsequence.
Similar to the case when p > 7, Lemma [4.2| ensures that T cannot contain either
hpr—.mm nor h M—m, in which case Lemma further implies T' cannot contain
either has—m—1 NOT Aps—pm—1- Continuing in this fashion, we see that Lemma
ensures that 7' cannot contain any of the terms h; nor h; for i = 1,...,.M —m.
Thus

M_;;n(hi - hy)

T ‘ (3n3—1) 5715—1)[5} . (3%3—2, 5715—2)[5] .. (3n3—m, 5n5—m)[5]. (26)
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Let 5 € [1,m] be the maximal integer such that h := (37377 5m7J) ¢
supp(7"). Thus h is a unit modulo both 5 and 3 in

H' = (supp(T)) = Hy x Hj,
where
H,=3""7Gy 2 7/37 and Hi=5""1G5=7/57Z,

i.e., ma(h) = 5" 77 is a generator of Hf = Z/5/Z and 71 (h) = 3277 is a generator
of H} =2 7./377, where

7T1:G3><G5—)G3 and 7T22G3><G5—>G5

are the i-th coordinate projection homomorphisms. Moreover, any term of T
that is unit modulo either 5 or 3 in H' must be equal to h.

Since T € F(H') is a U4-weighted zero-sum sequence (and thus also a U, -
weighted zero-sum by Lemma ) and Uz, = Ui,é xUZ,, it follows that 71 (T') €
F(H}) is also a U?{é—weighted zero-sum sequence. Since U2é = 14+ 3H}, the only
way this is possible is if w1 (o(T)) € 3H} = 3" 77+1G3. In view of the definition
of j7 and , this is only possible if the term h = (3377 5"377) occurs with
multiplicity a multiple of 3 in T, forcing v,(T) = 3. Since T is a U#,-weighted
zero-sum sequence and U%, = UIQ{é x Ug,, it follows that mo(T) € F(HE) is
also a Uiré—weighted zero-sum sequence. However, since v4(7T") = 3, we see that
7o(T) contains exactly 3 units (i.e, generators) 57 g, 5% ~Jg/ 5"5=Jig" from
H = 5"%7IG5 = 7Z/5/7Z, all of them equal to m2(h), implying that g, g’, g” are
all quadratically equivalent, contrary to Lemmal[£.1] So we instead conclude that
S contains no UZ-weighted zero-sum, implying

Dyz (H) > [S]+1=2Q(|H|) + 1 + min{ns, ns}. (27)
Combining , 7 and , the desired lower bound follows. O

Next, we finish the case when 3 { n.

Proof of Theorem [[LIl1 and Theorem [[211. The case n = 1 in The-
orem [L.1]1 is trivial, so let n > 3 be an odd integer with ged(n,3) = 1 and
let

G =Gy x...xG, =7L/nk,

where p1,...,p, are the distinct prime divisors of n and each G,, = Z/p;"Z
with n; = vy, (n). If a prime p 1 n, then set G, to be the trivial group. The
lower bound for Theorem [I.1}1 follows from Lemma As explained in the
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introduction, the upper bound for Theorem [I.1]1 follows from Theorem [T.2]1.
Thus it remains to prove the upper bound for Theorem [1.2]1. To that end, let
m > 3w(n) + min{l, vs(n)}
be an integer. For a sequence S € F(G) with |S| > m 4 2Q(n), we need to show

that 0 € 3%, (UZ(9)).

Clearly, we may assume vo(S) < m — 1, else the desired conclusion is trivial.
Thus, if n = p > 7 is a prime, then there are at least 2Q(n) +1 = 3 = 3w(n)
units in S, in which case 0 € G = XY, (UZ(9)) follows from Lemmal in view
of m > 3. Likewise, if n = 5, then there are at least 2Q(n) +1 = 3 = 3w(n) units
in S. If this inequality is strict, then 0 € G = % (UZ(S)) follows from Lemma
32 in view of m > 4. If it holds with equality, then Lemma [{.3]3 instead
implies either 0 € G = Y (UZ(S)) (if the three units are not quadratically
equivalent modulo 5) or 0 € 5G C XY (UZ(S - gI=1)) C %,,(UZ(S)) (if they are
quadratically equivalent), where g € supp(S) is a unit. In all cases, we obtain the
desired result. So we may assume {2(n) > 2 and proceed by induction assuming
the theorem known for all proper subgroups of G = Z/nZ.

Since G is cyclic, the subgroups of G are in 1-1 correspondence with the
divisors d | n. Let f : S¢ — Z* be the function given by f(H) = f(|H|) =
m + 2Q(|H|). Observe that f(lem(dy,ds)) = f(d1) + f(d2) — f(ged(dy,ds)) for
any divisors d; | n. Thus the function f is admissible with

f(H) > f(H1)+2 whenever Hy < Hy < G. (28)
Let K = G5 < G be the subgroup of order 5%(™). Then
F(K) > f({0}) =m > 3w(n) + min{1,vs(n)} > 3.
Let S =s1-...-5/5 € F(G) be a sequence with
S| = f(G) = m+2Q(n)
that, by contradiction, does not have 0 € ¥,,(UZ(S)). We may assume that
(supp(S)) = G, else 0 € Em(Ulel(E)) = 3,,(UZ(9)) follows by induction and
Lemma where H = (supp(S)), contradicting that S contains no UZ-weighed
zero-sum of length m. Likewise, we must have |Sy| < f(H) — 1 for any proper
subgroup H < G, for otherwise applying the induction hypothesis to Sy again
yields 0 € Zm(Ulng(E)) = 2,,(UZ(S)), contradicting via Lemma that S
contains no UZ-weighted zero-sum of length m, as before. As a result, we have
1Sa\u| = [S| = f(H) +1=f(G) - f(H)+1=3 (29)

for any an proper subgroup H < G. In particular, we see that S is f-stable and
now have all the needed hypotheses to talk of fx-components.
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If 54 n, then let W | S be a subsequence with [W| =m and [Wg\,q| > 3 for
each prime p | n (i.e., W contains at least 3 units modulo p). Such a subsequence
W exists in view of and |S| > m > 3w(n). Applying Lemma 1 to W,
it follows that 0 € G = ,,(U&(W)) C %,,(U4(9)), contrary to assumption.
Therefore, we may now assume 5 | n, so that 5G < G is a proper subgroup.

If is strict for H = 5G, then let W | S be a subsequence with |W| = m,
[Wensa| > 4 and |[Wen | > 3 for each prime p | n. Such a subsequence W exists
in view of and [S| > m > 3w(n) + 1. Applying Lemmas [{.3]1 and [£.3]2 to
W, it follows that 0 € G = ,,,(U&(W)) C £,,,(U&(S)), contrary to assumption.
Therefore, we instead assume |Sc\s¢| = 3.

If the three terms of Sg\s5¢ are not quadratically equivalent modulo 5, then
let W | S be a subsequence with [W| = m and [Wg\pq| > 3 for each prime p | n.
Applying Lemmas [1.3]1 and [4.3]3 to W, it follows that 0 € G = £,,,(U2(W)) C
Y (UZ(S)), contrary to assumption. So we may w.l.o.g now assume

SG\sG = S81°+52°53

consists of three terms all quadratically equivalent to each other modulo 5.

Let T = S(I), where I C [1, f(G)], be the fix-component containing s;, so
1 €1, and let

H = (supp(S - T1-11)).
By Lemma we have K < H with S - TI= fr-stable and
ST = [S|=|T| > fx(H)=1= f(H)=1=m+2Q(|H|) =1 > m+1. (30)

We cannot have Sg\s¢ = s1 - 52+ s3 | T, as then supp(S - T=1) contains
no generator modulo 5, making (supp(S - TI=%)) = H impossible in view of
G5 = K < H. This leaves us with two cases.

Case 1:

IN[1,3] = {1}. In this case, sp-s3 | S-T=Y. Since S’ = ST~ is fr-stable
with K = G5 < H (so that K 4+ pH = pH for p # 5), we have

|S,G\PH| > fx(H) — fxk(pH)+ 1= f(H)— f(pH)+1>3

for any prime divisor p > 7 of |H|, where the final inequality comes from .
Thus, in view of m > 3w(n)+1 > 3w(|H|) and (30)), let W | S’ be a subsequence
with [W| = m, with s - s3 | W, and with [Wg,g| > 3 for any prime divisor
p > 7 of |H|. Since sy and sz are quadratically equivalent modulo 5, applying
Lemmas 1 and 3 to W yields 0 € 5G C %,,(UZ(W)) C %,,(UZ(9)),
contrary to assumption.
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Case 2:

IN(1,3] ={1,2} or INJ[1,3] = {1,3}. In this case, we may w.l.o.g assume
IN[1,3] ={1,2}. Let 7/ =T - s3. Then T” contains the only three terms s1, so
and s3 that are generators modulo 5. Consequently, H' = (supp(S - T’[71])> <H
since K = G5 < H and supp(S+ T’[fl]) contains no generators modulo 5. Hence

1Sevsr| < |T| = |T)+1 < fx(G) — fre(H) +2 < fx(G) — fx(H'),

where the first inequality follows by C3 for the fx-component T' (cf. Lemma,
and the second from H' < H and (28], contradicting that S is fx-stable. O

Finally, we finish with the case when 3 | n.

Proof of Theorem [[.1]2, Theorem [[.I]3 and Theorem [[.2]2. It is
clear that Theorem [[.112 follows from Theorem [[.113. The lower bound for The-
orem [I.1]3 follows from Lemma As the upper bound for Theorem [1.1]3
follows from Theorem [T.2]2 as explained in the introduction, it remains to prove
Theorem [L.212.

The case when 3 { n in Theorem 2 follows from the already established
Theorem 1. Therefore we may assume n > 3 is an odd integer with 3 | n. Let

G =Gy, x...xGp =7L/nk,

where p1, ..., p, are the distinct prime divisors of n and each G, = Z/p;" Z with
n; = vp,(n). Let

m > 4Q(n) + w(n) + vs(n) — 2 (31)
be an integer with 3 | m. For a sequence S € F(G) with |S| > m+2Q(n)+vs(n),
we need to show that 0 € X% (UZ(S)). Observe that implies

m > bw(n)—2+min{l, vs(n)} and (32)
m > 4Q(n)+vs(n) — 2vsz(n) + 1. (33)

If Q(n) = 1, then, since 3 | n, we must have G = Z/3Z, in which case
U& = {1}. Then |S| > m +2Q(n) + v5(n) = m+2 = m — 1 + |G|, in which case
0 € B9 (UA(S)) follows from repeated application of the Erdés-Ginzburg-Ziv
Theorem [Gr, Theorem 10.1] in view of 3 | m and |G| = 3. Therefore, we may
assume Q(n) > 2 and proceed by induction assuming the theorem known for all
proper subgroups of G = Z/nZ.

Since G is cyclic, the subgroups of G are in 1-1 correspondence with the
divisors d | n. Let f: Sg — Z* be the function given by

f(H) = [([H]) = m + 2Q(|H]) + vs(|H])
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and let g : Sg — ZT be the function given by
g(H) = g(|H|) = m — 2Q(n) + 2vs(n) 4+ 4Q(|H|) + vs (| H|) — 2vs(|H|).

Observe that m > 2Q(n) + 1 in view of (31)), so that g(H) > 1 holds for all
H < G. Also observe that f(lem(dy,dz2)) = f(d1) + f(d2) — f(ged(dy,ds)) for
any divisors d; | n, and likewise for g. Thus the functions f and g are strictly
admissible with

f(Hz2) > f(H1)+2 whenever Hy < Hy <G. (34)
Let K = G5 < G be the subgroup of order 3¥3("). Then
fK) = f({0}) =m = 3.
Let S =51-...-55 € F(G) be a sequence with
15| = F(G) = 9(G) = m + 20(n) + vs5(n)
that, by contradiction, does not have 0 € ,,(UZ(S)). We may assume that
(supp(9)) = G, else 0 € X, (Ufy (Su)) = B (U(9)) follows by induction and
Lemma where H = (supp(S)), contradicting that S contains no UZ-weighed
zero-sum of length m. Likewise, we must have |Sy| < f(H) — 1 for any proper
subgroup H < G, for otherwise applying the induction hypothesis to Sy again
yields 0 € Zm(Ule(E)) = 3,,(UZ(S)), contradicting via Lemma that S
contains no UZ-weighted zero-sum of length m, as before. As a result, S is f-
stable and
[Sevul 2 |S| = f(H)+1=f(G) - f(H)+1=3 (35)
for any proper subgroup H < G. Consequently, we now have all the needed

hypotheses to apply the machinery of Section [5] However, before doing so, we
need to establish two additional claims.

Claim A

Our next goal is to show that—replacing, if need be, S by S — x for some
x € G such that 0 € X,,,(U4(S — x)) implies 0 € X,,(UZ(S))—we may assume

vo(S) > ¢g({0}) = m — 2Q(n) + 2v3(n). (36)

Since [S| = g(G) > g(G) — g({0}) + 1, we can apply Lemma [5.1] to S using
the admissible function g : S¢ — ZT. Indeed, we can apply Lemma using
the admissible function g to any translated sequence S — x, so long as x € G is
an element such that 0 € 3,,(UZ(S — z)) implies 0 € %,,(UZ(S)). Over all such
potential x € G, suppose z € G is one such that S —x has the resulting subgroup
H < G from the application of Lemma being minimal, and replacing S by
S —z, w.lo.g. assume x = 0.
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From Lemma [5.1] we have that H < G is g-stable in S with
|Sul =S| — [Se\a| > g(|H])
=m — 2Q(n) + 2v3(n) + 4Q(|H|) + vs(|H|) — 2v3(|H]). (37)

If H is trivial, then follows, as claimed, so instead assume H < G is non-
trivial. Let W’ | Sy be a minimal length subsequence such that

Wipaul > o(H) — g3) +1=3 it 3] |H],
Wipsnl > g(H) — g5H) +1=6 it5||H|, and (38)
Winpu! = 9(H) —g(pH) +1=25  for any prime p | |H| with p > 7.
Since Sy is g-stable (as H is g-stable in S by the application of Lemma , it
follows that holds with W’ = Sy, so W’ exists. Moreover, we clearly have
3 < [W'| <5w(|H|) — 2min{1, vs(|H])} + min{1, v5(|H])}
<b5w(n) — 2+ min{l,vs(n)}, (39)

where for the latter inequality we have made use of the fact that 3 | n (to ensure
that H < G is proper when v3(|H|) = 0). As a result, ensures that

(W' < m. (40)
From and , we have
Sul > 2(n) +vs(n) + 1+ 4Q( H]) + va(|H]) — 2v5(|H])
2Q(n) + vs(n) + min{1, vs(|H])} + Sw(|H|) — 2Q(|H|) — v5(|H])

(5w(H|) = 2+ min{1,vs(|H)}) + (22(1G/HI) + vs(IG/H])) +2

ARV

v

(5w(1]) = 2+ min{1,vs(|H)}) + (Duz , (G/H) = 1) +2,  (41)

where the final inequality follows by applying the induction hypothesis to G/H

(possible, since H is assumed non-trivial). Additionally, and give
1Sul = 2Q(n) +vs(n) + 1+ 4Q(|H|) + vs(|H|) — 2vs(|H])

> 2Q(n) +vs(n) + 2. (42)

Next, we wish to extend the sequence W’ | Sy, which has [W’| < m in view
of , to a subsequence W | S such that

W W, [Wl=m, o(U&Wa\u))NH#0 (43)

and, moreover,
1Sy -Wh =2 i3] |H]|. (44)
To do this, we iteratively pull off subsequences 77 - ...« T, | Sg\g that have

o(UA(T;)) N H # 0 and |T;| < DUé/H(G/H). This can be done in view of
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(and the comments thereafter) until either |W’ Ty «... - Ts+Tsy1| > m+1 or
1Seng -+ (Ty- ... - THFY| < Duz,, (G/H) = 1.

In the former case, assuming s + 1 is the minimal index such that |W’.Tj -
coo o Ts+ Tsrq| > m+ 1, we then have

m—DUg/H(G/H)Jrl§m+1—|TS+1|§|W’-T1-...-TS|§m.

Consequently, in view of and (41)), we see that we can extend W' Ty -...- T}
to a subsequence W satisfying (43 and by simply adding an appropriate
number of terms from Sy - w1
In the latter case, we have

Serr (T TOTYI] < Dyz  (G/H) =1 < 20(G/H|) +vs(/G/H|)
< 2Q(n)+vs(n) —2<|S]|—m—2,

where the second and third inequalities follow in view of the induction hypothesis
applied to G/H and H < G being nontrivial. Hence | Sy - Ty « ... Ts| > m + 2.
Thus, since |W’ - Ty - ... Ts| < m (else the former case holds), we can again
simply add an appropriate number of terms from Sy - W’ =1 ¢o result in the
sequence W satisfying and . As a result, we see that in either case we
arrive at the subsequence W | S with the desired properties and .

In view of (43, let o € o(UZ(Wenm)) N H. If 6(Wg) + o € 3H, then—
in view of W' | W, and —We can apply Lemma to conclude that
0€3H Ca(UZ(W)) =S (UZ(W)) C 5,,(U(S)), contrary to assumption. So
we can assume otherwise. In particular, we must have 3 | |H|, in which case (44))
assures us that there are at least two terms from Sy outside W.

Ifx-y| Sy -Wl[q_l] and 2’ -y' | Wy, then we can swap x for 2/, or y for 3/, or
x -y for 2’ -y to result in a new sequence V = Wz orv= W-y’[_l] <y
or V=W- (2 y) =12y that can miss at most two terms from W’ (in the
event that one or both of the terms being swapped out of W were from W').
Thus implies

WVinsu| > 1 if 3| [H],
Vinsu| >4 if 5| [H|, and (45)
|Virprr| >3 for any prime p | |[H| with p > 7.

In particular, (supp(V')) = (supp(W)) = H and Vo\g = Wen -

Now, if some such swap results in a sequence V with o(Vy) + « € 3H, then
applying Lemma[1.3)yields 0 € 3H C o(UZ(V)) = £, (UZ(V)) € £, (UZ(S)), a
contradiction as before. So may instead assume we always have o(Vy) € —a +
1+ 3H or 0(Vyg) € —a— 14 3H (note that H/3H = Z/37 as 3 | |H| with H
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cyclic). It is easily seen that this is only possible if all but at most one term of Sy
is from the same 3H-coset. Indeed, if this assertion fails and there does not exist
some g € supp(Sy) such that [supp(Sg -gl=1)| = 1, then it is possible to choose
x-y| SH-WI[L;” and 2’ -y’ | Wy such that x — 2’ ¢ 3H and y — ¢’ ¢ 3H (since
|[W’'| > 2 and since there are at least two terms from Sy outside W), in which
case 0(Vy)+{0,z—2'} +{0,y—y'} +3H represents the possible values for o (V)
modulo 3H when we allow V' to be obtained from W by either not swapping any
terms (so V = W), swapping « for 2’ (so V=W . 2/ x), swapping y for y’
(soV = W-y’[_l] -y), or swapping z -y for 2’ -4/ (so V. =W - (a' -3 )[" . z.y).
However, applying the Cauchy-Davenport Theorem (|Gr, Theorem 6.2]), we find
that o(Vy) + {0,z — 2’} + {0,y — ¥’} + 3H = H, which means that at least one
of these four possible ways to define V' has o(Vy) + a € 3H, contradicting that
this should fail for all of them as noted above. In summary, we have just shown
that all but at most one term from Sy is from the same 3H-coset, say x + 3H
with z € G3 (we may assume =z € G3 as (i3 contains a full set of 3H-coset
representatives).

We cannot have x4+ 3H = 3H, as then |Sy\3y| < 1, contrary to (38). There-
fore, we may instead assume z € H\3H, so that ord(x) = 3% (in view of x € G3)
with oo = v3(|H|). In view of ([42)), we have at least 2Q(n)+vs(n)+1 = |S|—m+1
terms s; of S with vs(ord(s;)) = o (namely, all but at most one term of Sg).
Thus we can invoke Lemma to conclude that 0 € X, (UZ(S —z)) implies 0 €
Y (UZ(S)). Since the latter is assumed to fail, this means 0 ¢ %, (U4(S — z)).
By removing at most one additional term from Sy —x, we find that all remaining
terms are from 3H < H. But this means that if we apply Lemma[5.1] to S — =,
then the resulting minimal subgroup H’ will have H' < 3H < H, contradicting
the minimality assumption assumed for H < G at the beginning of Claim A,
which completes the proof of the claim.

As already established, we have all the needed hypotheses to apply the ma-
chinery of Section [§] to the f-stable sequence S using the admissible function
fx. In view of Claim A and (33), we have vo(S) > 2€(n) + vs(n) + 1. Thus

W = § . [=2%n)—vs(n)]
is a subsequence of S with [W| = m.

Claim B

If T | W is a subsequence such that S - 77! is fx-stable and |T| < 2Q(n) +
vs(n), then o(W - T1=1) ¢ 3H, where H = (supp(S - TI=1)).
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Let W/ =W . T ol71 In view of |T| < 2Q(n) + vs(n), we have W’ | S.
Since S’ = S - Tl is fx-stable, and since all terms outside W are zero, it
follows that (supp(W’)) = (supp(S - TI=1)) = H, that |W;{\pH| = |S}I\pH| >
fx(H) = fx(pH)+1 = 3 for any prime p | [H| with p > 7, and that [Wp;, ;.| =
Stnsul = fxc(H) = fre(5H)+1=4if 5 | |H|. Thus, if o (W-T1"1) € 3H were to
hold by contradiction, then applying Lemmato W' yields 0 € o(UZ(W')) =
S (UE(W')) C 2, (UE(S)) in view of W’ | S, which is contrary to assumption,
completing the claim.

Since S is f-stable, and thus also fx-stable, we can apply Claim B taking T
be the trivial sequence and thereby conclude that

m(c(W)) =z mod 3Gs for some z € G5\ 3G3, (46)

where 7 : G — (3 denotes the projection homomorphism onto the 3-component
Gs3 = Z/3n3Z

Let T | S be an arbitrary fx-component of S with 7' | W and let H =
(supp(S - TI=1)). Then Lemma implies that K < H, that S - T1=1 is fg-
stable, and that

7] < [r(G)— fr(H)+1=2Q(n) —2Q(|H|) + vs(n) — vs(|H|) + 1
< 2Q(n) — 2Q(|K|) + vs(n) — vs(|K|) + 1 < 2Q(n) 4+ vs(n) — 1,
where we have made free use of {0} # G3 = K < H < G. Since G3 = K < H,
we have G3 < H = (supp(S - T1=1)). Consequently, if 7(c(T)) = = mod 3Gs,

then implies that o(W - TI=1) € 3H, contrary to Claim B. Therefore we
instead conclude that

m(o(T))=0or —z mod 3G; (47)

for any fx-component T with T' | W (note that G5/3G3 = Z/3Z, so any nonzero
residue class not equal to x must be equal to —x).

Let T | S be an arbitrary fg-near-component of S with 7' | W and let
H = (supp(S - T[=1)). Then Lemma implies that K < H, while NC1 and
NC2 imply that S - TI=1 is fr-stable and that

T < fx(G)— fr(H)+2=20(n) = 2Q(|H|) + vs(n) — vs(|H]) +2
< 20(n) — 20(K]) + va(n) — vs (/K1) + 2 < 20(n) + vs (n),
where we have made free use of {0} # G3 = K < H < G. Since G5 = K < H,
we have G3 < H = (supp(S - T1=1)). Consequently, if 7(¢(T)) = z mod 3G,
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then implies that o(W - T[*l]) € 3H, contrary to Claim B. Therefore, as
before, we instead conclude that

m(o(T))=0or —z mod 3G; (48)

for any fx-near-component T with T' | W.

In view of Lemma we know that any term of S equal to 0 € K is itself
an fi-component of S. Thus, since all terms of S outside W are equal to 0, it
follows that S+ W[~ is a union of fx-components, implying that W is likewise a
union of fx-components. In particular, if T' | S is a component such that 7't W,
then T'= 0 and 7(¢(T))) = 0 mod 3Gs5. Since all terms of S - W1 are equal
to 0 € K, Lemma implies that any fx-near-component 7" with 7' W can
contain at most one fx-component dividing W.

In view of ([47), let W =Ty ...+ T, -U; - ...+ U, where the T; are the
components of S with 7(o(T};)) = —x mod 3G3 and the U; are the components

of S dividing W with 7(c(U;)) =0 mod 3Gs5. Then (in view of (46]))
z=m(c(W)) = ZW(U(TZ')) = —vz mod 3Gs,
=1

implying that

v=-1 mod 3. (49)
If T| S isan frx-near-component of S that contains at least two fx-components
T; and T; with w(o(T;)) = w(0(T;)) = —x mod 3G3, then T | W (as shown
in the previous paragraph), whence gives m(o(T)) = —x or 0 mod 3Gs.
Clearly, 7(c(T)) = —erax mod 3G3, where er is the number of fx-components
U that divide T and have 7(c(U)) = —x mod 3G3, which means that

er=1or0 mod3

for any near-component 7' containing at least two components T; and 7 with
m(o(T;)) = n(0(T};)) = —r mod 3Gs.

By Theorem the hypergraph H whose vertices correspond to the fg-
components of S and whose edges correspond to the fx-near-components of S
is a pairwise balanced design with A = 1. Let H’ be the sub-hypergraph induced
by all those vertices (i.e., components) T; such that n(o(7;)) = —z mod 3G3
(discarding all edges of size 1). In other words, the vertices of H' are those
Ti,...,T, defined in the previous paragraph, and the edges of H’ correspond to
those near-components 7' | W that contain at least two distinct components T;
and 7. Then #H’ is also a pairwise balanced design with A = 1. Moreover, as
shown in the previous paragraph, the number of vertices in H’ is equal to v = —1
mod 3, and each edge T' | W contains ey = 1 or 0 mod 3 vertices. Thus, H' is a
pairwise balanced design on v = —1 mod 3 vertices such that any edge F of H’
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has |E| € K’ := (14 3N) U3N. Now S(K’) :=ged{k(k —1): k€ K'} =6, but
v(v —1) = =1 mod 3, so that v(v —1) # 0 mod 6. This contradicts Theorem
completing the proof. O

7. Concluding remarks

Let G 2 Z/nZ and let S € F(G) be a sequence of terms from G. In the scope
of the standard Gao constant problem, it is clear that 0 can be written as the
sum of n elements of S if it can be written similarly with n elements of S — =z,

for any x € G. We may ask the following question: what is the least integer £(n)
such that, if |S| > ¢(n), then

0€X,(UA(S)) implies 0¢€%,(UA(S—x)) forall z € G?
Let S = s1-...-s; be asequence of Ey2 (G) — 1 terms such that 0 ¢ S, (UE(9)).

Then
L n
ZI (S+2)u :Z > 1=1Sle(n), (50)

gcd(sf—i—zl n)=1

where ¢ denotes the Euler totient function. Hence there exists some x such that
|(S + 2)ue| = @(n)[S|/n > @(n). For n large enough, we get |(S + =)a\pa| > 4
for any prime p | n, whence Lemma [4.3| gives 0 € Z/nZ = %, (UZ(S + x)) when
ged(n, 6) = 1. It follows that the integer £(n) defined above is equal to Ey2 (G)
in this case.
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