PLANAR SUBSETS WITH SMALL DOUBLING
DAVID J. GRYNKIEWICZ

ABSTRACT. Let A, B C Z? be finite, nonempty subsets each covered by precisely 2 horizontal
lines. Suppose (A+B—A—B) =7?, |A| > |B|and |A+B| = |A|+2|B|-3+r < |A|+1|B|-5.
Then there exist subsets Pa, Pg, P C Z2, each the union of two arithmetic progressions with
difference (1,0), such that A C Pa, B C Pg and (z + A) U (y + B) C P, for some z, y € Z?,
with |Pa| < |A| 47, |Pg| < |B|+r, |Pa| + |Ps| < 2|B| + 2r and |P| < IA\-;-& + 2r. A similar
result is proved assuming A is covered by 2 horizontal lines and B by 1 and vice versa. This
generalizes a result of Stanchescu handling the case A = B and extends the Freiman 3k — 4
Theorem to 2-dimensional sumsets with [A + B| < |A| 4+ Z|B| — 5.

1. INTRODUCTION
Let G be an abelian group and let A, B C G be subsets of G. We define their sumset to be
A+B={a+b: ac A, be B}.

Moreover, we let

1 ifz+ AC B for some z € G,
0 otherwise.

54 B) = {

We let (A) denote the subgroup generated by A and observe that (A— A) is the minimal subgroup
K such that A is contained in a K-coset. In particular, if 0 € A, then (A — A) = (A). Likewise,
for G = 7Z, gcd(A — A) € Ny is the minimal non-negative integer d such that A is contained in
an arithmetic progression with difference d, with ged(A — A) = ged(A) when 0 € A. We let

diam(A) = max A —min 4

denote the diameter of a finite subset A C Z. If G = Z%, we let e, ..., eq € Z% be the standard
basis vectors, so e; has a 1 at the i-th coordinate and zeros elsewhere, and we let m; : Z% — Z
be the projection onto the i-th coordinate with respect to the basis eq, ..., eq € Z4.

Our starting point is the 3k — 4 Theorem. The following is the most general version of the
3k — 4 Theorem currently known. The form given below may be found in [6, Theorem 7.1 and
comments thereafter] and is the result of successive contributions from Freiman [3], Lev and
Smeliansky [8], Stanchescu [12], and Bardaji and Grynkiewicz [1]. Worth noting, if |B| < |A],
then the upper bound from Theorem A(i) becomes

|A+ B| < |A| +2|B| -3 - §(A, B).
1
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Indeed, |A|—0(B, A) < |B|—0(A, B) is only possible, in view of |A| > |B|, if |A| = |B|, (A, B) =
0 and 6(B, A) = 1. However, it is easily noted from the definition of § that §(A, B) = §(B, A)
when |A| = | B|, meaning this is actually never possible. Also, both hypotheses (i) and (ii) imply
|Al, |B| > 2 (equivalent to diam A, diam B > 1) in view of basic lower bounds for |A + B| (see
Theorem C).

Theorem A (3k—4 Theorem). Let A, B C Z be finite and nonempty, let d = gcd(A+B—A—B)
and let |A+ B| = |A| + |B| — 1 +r. If either
(i) |A+ B| < |A| +|B| — 3+ min{|B| — §(A, B), |A| — (B, A)}, or
(i1) diam B < diam A, gcd(A—A)<2d and |A+B|<|A|+2|B|—3-6(A,B),
then there are arithmetic progressions P, Q@ and R of common difference d with
AcCP, BCQ, [P\Al<r, |Q\B[<r, (1)
RCA+B and |R| > |A|+|B|—1.
Moreover, if either (i) or (ii) holds with diam B < diam A and |B| > |A|, then
|Q\ Bl <r—(|B] - |A]).

In short, the 3k — 4 theorem shows that a sumset A + B C Z with small sumset below
the threshold |A + B| < |A| + |B| — 3 + min{|B| — §(A, B), |A| — 6(B, A)} is only possible if
A, B and Z \ (A 4+ B) can all be approximated by arithmetic progressions P, ) and R with
common difference, in the sense that the “distance” between each set and the respective set P,
Q@ and Z \ R, as measured by inclusion, is small. Note that the set A + B containing a long
arithmetic progression R is equivalent to its complement being contained in the complement
of R with [(Z\ (A+ B))\ (Z\ R)| < r. Thus the theorem is symmetric with regards to all
three sets A, B and A + B. Moreover, the bound r for the number of holes separating the
individual sets from their progressions is known to be precise, as is the threshold hypothesis
|A+ B| < |A| +|B| — 3+ min{|B| — 0(4, B), |A| — (B, A)}. In both cases, there are examples
showing these bounds cannot be improved. For instance, if r > 0, a > 7+ 1 and b > r + 1 with
strict inequality in at least one of the latter two inequalities, then the sets

A=[0,a—1—-r|U{fa—r+1l,a—r+3,...,a—r+(2r—1)} and
B=0,b-1—-7rju{b—r+1,b—r+3,...;0—r+(2r—-1)}
have |A| = a, |B| = b, and
A+B=[0,a+b—-2]U{a+ba+b+2,...,a+b+2r—2}

with [A+ B| = |A|+ |B|—1+1r < |A|+ |B| — 2 4+ min{|B| — 6(A, B), |A| — §(B, A)}, and it
is easily seen that [P\ Al =|Q\ B|=[(Z\ R)\ (Z\ (A+ B))| =r, where P = [0,a — 1 +r],
Q =[0,b—1+r]and R = [0,a + b — 2], cannot be improved upon. Likewise, if A = I} U I,
is the union of two intervals I; and I with min Iy — max [; sufficiently large and |A| > 3, then
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|A+A| = 2|1 - 1)+ (|L1|+|I2] = 1)+ (2][2| —1) = 3] A|—3 with |P\ A| unbounded. Alternatively,
taking B = J to be a single interval J with min [y — max I; sufficiently large and |A| > 3 gives
|A+ B| = (L] 4+ |J| = 1)+ (|I2] +|J] — 1) = |A| + 2|B| — 2 with |P\ A] again unbounded.

As the latter examples above show, there is no way to approximate the summands in a
small sumset A + B C Z by arithmetic progressions once |A + B| becomes too large. However,
the problematic examples above are quite limited, being instead the union of two arithmetic
progressions. This is a special case of more general framework related to Fremain’s Theorem.
As the first example shows, the 3k — 4 Theorem is actually one of the few instances in which the
constants in Freiman’s Theorem are known precisely, and for distinct summands as well. For
a fuller discussion of the framework related to Freiman’s Theorem, see [15] [9] [11]. The goal
of this paper is to extend the precise estimates of the 3k — 4 Theorem to certain 2-dimensional
sumsets under a more generous threshold bound for |A + B).

If G is an abelian group and A, B C GG are nonempty subsets, then we can usually translate
the sets A and B in any way and not significantly alter the structure of A, B or A+B. To simplify
notation, we then translate A and B so that 0 € AN B. In this framework, sumsets, like other
categorical objects, have an associated notion of morphism. A map ¢ : A+ B — G’, where G’ is
another abelian group, is called a normalized Freiman homomorphism if ¢ (z +y) = () + ¥ (y)
for all z € A and y € B (which implies 1(0) = 0). Note 0 € AN B ensures that A, BC A+ B
are in the domain of v, so this definition makes sense (in general, the key requirement is that
there is a common element z € AN B that can be used as a base point to the homomorphism,
but it simplifies notation to further translate so that the common element is equal to z = 0).
The image (A + B) = ¢(A) + (B) is the homomorphic image of A + B, and the Freiman
homomorphism v induces an isomorphism with its image, A + B = ¢(A) + ¢(B), when ¢ is
injective on all of A+ B (not just on A and B, which is in general too weak of a requirement).

With the notion of Freimain isomorphism in hand, it is possible to speak of the intrinsic
dimension of a sumset A + B C G, where 0 € AN B, independent of the group G in which
A+ B is embedded. We define dim™* (A + B) to be the maximal integer d > 0 such that there
is an injective normalized Freiman homomorphism ¢ : A + B — G’ with (¢(A) + ¢¥(B)) = G’
and G’ having torsion-free rank rk(G’) = d. This dimension is independent of the translates of
A and B chosen and, moreover, when the initial group G is torsion-free, there is an injective
normalized Freiman homomorphism v : A+ B — Z% with (y(A) +(B)) = Z4. See [6, Chapter
20] for details (derived via universal ambient groups). By a modification of the argument of [6,
Proposition 3.1], one also deduces that there exist injective normalized Freiman homomorphisms
Y: A4+ B — 7% with ((A) +¢(B)) = Z% for any d’ € [1,d] as well.

When A + B is a torsion-free sumset (where A and B are finite and nonempty), meaning it
has an embedding into a torsion free group, a result of Ruzsa [10] (combined with the remarks of
the previous paragraph) shows that large dimension implies large sumset in the following sense:
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dim™ (A + B) > d with |A| > | B| implies
1
|A+ B| > |A| +d|B| — §d(d+ 1).

For refinements to this result, see [15, Section 5.2] [7]. In particular, we see that that any finite,
nonempty sumset A+ B C Z with dim* (A + B) > 2 and |A| > |B| has |A+ B| > |A| +2|B| - 3,
which corresponds roughly to the point after which the 3k — 4 Theorem breaks down. However,
dim™ (A + B) > 3 and |A| > |B| gives a bound of |A + B| > |A| + 3|B| — 6, meaning the only
obstacle to extending the 3k — 4 Theorem upwards towards the threshold |A| + 3|B| — 7 are 1-
and 2-dimensional sumsets. For 2-dimensional sumsets, there is a refinement [7] of the result of

Ruzsa.

Theorem B. Let s > 2 be an integer. Let A, B C R? be finite subsets with |A| > |B| >
252 — 35+ 2. If

2
[A+B| <[4l +(B=2)IBl—25+1,

then there is a line £ such that each of A and B can be covered by at most s—1 parallel translates

of L.

In particular (taking s = 3), when |A| > |B| > 11 and |4 4+ B| < |A| + I|B| — 5, both A
and B are covered by at most 2 parallel lines, meaning the only obstacles to extending the
3k — 4 Theorem upwards towards the threshold |A| + %|B | =5 are 1-dimensional sumsets as well
as 2-dimensional sumsets with both summands covered by at most 2 parallel lines. The latter
sets are the subject of this paper. Indeed, our main results are the following, which extend the
3k — 4 Theorem to 2-dimensional sumsets with both summands covered by at most 2 parallel
lines. Note we have normalized the hypotheses below so that these lines run parallel to e; with
A + B generating Z? affinely. Also, |ma(A)| simply counts the number of lines parallel to Ze;
that are needed to cover A.

Theorem 1.1. Let A, B C Z? be finite, nonempty subsets with |ma(B)| = 1 and |m2(A)| = 2.
Suppose (A+ B — A — B) =Z? and

|A+ B| = |A| +2|B| — 2+ 1 < |A| + 2|B| + min{[4] — 1, |B|} — 5.

Then there exist subsets Py, Pg C Z?, with Pg an arithmetic progression with difference ey, and
Py the union of two arithmetic progressions with difference ey, such that B C Pg, A C Py,

|[PA\ Al <r and |Pg\B|<r.

Theorem 1.2. Let A, B C Z? be finite, nonempty subsets with |m2(A)| = |ma(B)| = 2. Suppose
(A+ B—A—-B) =172, |A| > |B| and

|A+ B| = |A| +2|B| — 2+7 — §(A, B) < 2|A| + 2|B| — 6 — §(A, B).
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Then there exist subsets Pa, Pg C 7?2, each the union of two arithmetic progressions with dif-
ference ey, such that A C P4, B C Pg,

|[PA\A|<r and |Pg\B|<r.

Theorem 1.3. Let A, B C 72 be finite, nonempty subsets with |mo(A)| = |ma(B)| = 2. Suppose
(A+ B—A-B)=17 |Al>|B|, |A+B|<|Al+2|B|-5 and

Al +[B] _

|A+ B|=|A|+2|B|—-2—-0(A,B)+r=|A|+|B| + 5

3+

Then there exist subsets Pa, Pg, P C 7?2, each the union of two arithmetic progressions with
difference ey, such that A C P4, BC Pg, (x+ A)U(y+ B) C P for some x,y € 72,

|[PA\A|<r, |Pe\B|<r, |Psa\A|l+|Pg\B|<2, and

P\ (2 + A)| + P\ (y+ B) < 2 +2+ ||Pa] - | Psl| -

]A\—]B|‘§3r+2.
Moreover, |P\ (x4 A)| + |P\ (y + B)| < 2r'" unless
y+PpCa+Py=FP and |P\(x+A)|+[P\(y+ B)|=2|Pa\Al+|A]—|B].

As with the 3k — 4 Theorem, the bounds in the above theorems are precise (we will give
examples later in the paper). Theorem 1.3 generalizes the two-dimensional case of [13] [14],
which handles the symmetric case when A = B. We use many of the same compression methods
of [12] [14] to reduce the 2-dimensional sumset in consideration to several 1-dimensional sumsets
that can then be dealt with via the 3k — 4 Theorem. However, unlike the case when A = B,
much of the added difficulty in the proof of Theorem 1.3 will arise from trying to show A and
B can be approximated simultaneously by the same progression P, a fact which holds trivially
when A = B, and which clearly cannot hold in Theorem 1.1.

2. REFINED THEORY INVOLVING THE 3k — 4 THEOREM

There are some important consequences of Theorem A that “refine” its use in practice. These
details are all contained in [1], but we repeat them here owing to their critical role in the proof of
Theorem 1.3. Given a set X C Z, we let Px C Z denote the minimal arithmetic progression with
difference 1 containing X. Let A, B C Z be finite, nonempty subsets with (A+B—A— B) = 72,

diam(B) < diam(A) < |A|+ |B| =3 and |A+ B| < |A|+2|B| - 3—6(A,B). (2)

Moreover, let |[A+ B| = |A|+|B|—1+7r. These assumptions will apply throughout the discussion
of this section.

The quantity |P4 \ A| counts the number of “holes” in A with respect to P4, and it is easily
noted that diam A = |A| + |P4 \ A| — 1. There are various ways to obtain the hypothesis
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diam A < |A| 4+ |B| — 3, which is equivalent to |P4 \ A| < |B|—2 in view of the previous equality.

For instance, if
ged(A—A) <2, diam(B) < diam(A) and |[A+ B|<|A|+2|B|-3-60(A,B), (3)
then Theorem A(ii) implies that
A+ B| = |A|+B| - 1+ max{|P4 \ A, [P\ BI}, (1)

the above being a useful and equivalent reformulation of (1). Combined with the upper bound
for |A+ B| from (3), it then follows that |[P4\ A| < |B|—2—0(A, B). In summary, the hypotheses
from (3) imply those of (2) via Theorem A and will be the usual way that we obtain the setup
found in (2).

Regardless, assuming A and B satisfy (2), we have the existence of an arithmetic progression
R C Z with difference 1 such that

RCA+B and |R|>|Al+|B|-1

per the main result of [1]. We also have R C P4 p with |Payp| = |A|+|B|—1+|Pa\A|+|Ps\B],
meaning R covers all but |P4 \ A|+ |Pg \ B| elements of the interval P4yp. Assuming (4) holds
(as would be the case under the assumptions of (3)), we find that

[Payp \ (A+ B)| < min{[Ps\ A, [Pg\ Bl}.

The existence of the interval R C A + B with |R| > |A| 4+ |B| — 1 has several important
consequences, all derived in [1]. First,

min Payp + [|[Pa\ Al + |Pg\ Bl |A| + |B| 2| C A+ B,

for there are simply not enough elements in P4 p for the arithmetic progression R to avoid this
interval no matter where R C P41 p occurs. Since [min A + max B — 1,min B + max A + 1] is
contained in the above interval (given the assumptions of (2)), a particular consequence is that

[min A + max B — 1,min B+ max A+ 1] C A+ B.

Thus all elements of Payp \ (A + B) are contained in Ppin a4+ U Pnax a+p. In particular, if
x € Payp \ (A+ B), then either

—minA+z€Pg\B or —maxA+x¢€ Pp\B.

An element x € Pyyp \ (A + B) of the first type is called a left hole in A + B, and those
of the second type are called right holes. Equivalently, since [min A + maxB — 1,min B +
maxA + 1] € R C A+ B, it follows that a hole z € Paip \ (A+ B) is left if + < min R
and is right if > max R, which means that if x is a left hole and y is a right hole, then
y—x > (maxR+1)— (minR —1) > |A] + |B].

Likewise, an element z € Pg\ B with min A4z € P4 p\(A+B) is called a left stable hole in B,
an element x € Pg\ B with max A+xz € Pa;p\ (A+ B) is called a right stable hole in B, and all
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other z € Pp\ B are called unstable holes. Observing that (max A+z)— (min A+x) = diam A <
|A|+|B| — 3, we conclude that no stable hole in B can be both left and right stable. Moreover, if
x € Pp\ B is left stable and y € Pg\ B is right stable, then (y+max A)— (z+min A) > |A|+|B|,
which implies y — 2 > |B| — |Pa \ 4| +1 > 3. Thus all left stable holes precede all right stable
holes in B. Similar definitions and conclusions hold regarding A: an element z € P4 \ A with
min B+ x € Payp \ (A+ B) is called a left stable hole in A, an element z € P4 \ A with
max B +x € Payp \ (A+ B) is right stable, and all left stable holes precede right stable ones
in A.

Let e be the greatest left stable hole in B (or min B — 1 if none exist) and let ¢ be the smallest
right stable hole in B (or max B + 1 if none exist). Then Jp = [e+1,¢— 1] C Pp is a nonempty
interval. Moreover, A+ Jp C P4+ Jp = [min A+e+1,max A+c¢—1] C A+ B per definition of
left and right holes and the extremal assumptions on e and ¢, which means A+ (BUJg) = A+ B.
Noticing that the left stable hole z € Pg \ B corresponds to the left hole min A +x € P4y \
(A + B) and then to the left stable hole min A — min B + x € P4 \ A, with similar statements
holding for right holes, we find that J4 = [min A —min B+ e+ 1,max A —max B+ c¢— 1] C Py
has (AU J4) + (BU Jg) = A+ B. This has important consequences. For instance, if we were
applying the 3k — 4 Theorem to A + B, then we can instead imply it to (AU J4) + (B U Jp)
resulting in better bounds. Indeed, (4) then improves by one for each element of J4 \ A and
Jp \ B:

|A+ B[ > [A] + [B| = 1+ max{[Pa\ A| + |Jp \ B, |Pp \ B| + [Ja\ Al}. ()
Likewise the bound on the size of |R| increases to
[R| > |A] + [B| =1+ |Jp \ Bl +|Ja\ 4],

with corresponding improvements in other associated bounds mentioned above.

By definition of e and ¢, we have min A +e ¢ A+ B and maxA + ¢ ¢ A+ B. Thus the
progression R must lie wholly in one of the intervals [min A +min B, min A+e— 1], [max A+c+
1,max A+ max B] or [min A + e + 1, max A 4+ ¢ — 1]. Since the first two interval have respective
sizes e — min B < max B — min B = diam B < diam A < |A| 4+ |B| — 3 < |R| and max B — ¢ <
max B —min B < |A] + |B| — 3 < |R|, we conclude that R C [min A + e + 1,max A + ¢ — 1],
implying that diam A—1+c—e = |A|+|Pa\A|—1+|Jp| > |R| > |A|+|B|—1+|Js\B|+|Ja\ Al.
Thus

/8| = [B| = [Pa\ Al + [Ja \ Al + |JB \ B,
and
|Ja| = |JB| + diam A — diam B > |A| — |Pg \ B| + |Ja \ A| + |J \ B].

3. SETUP AND PROOF OF THEOREMS 1.1, 1.2 AND 1.3

We will frequently use the following basic and easily proven bound for torsion free sumsets
(see [6, Theorem 3.1]).
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Theorem C. Let G be a torsion free abelian group and let A, B C G be finite and nonempty
subsets. Then

|A+ B| > |A| + |B| — 1.
A simple corollary of the above result is the following.

Corollary 3.1. Let A, B C Z be finite, nonempty subsets and let d > 1. Suppose d | ged(B— B)
and let s € [1,d] denote the number of dZ-cosets that intersect A. Then

|A+ B| > |A| + s(|B| — 1).
In particular, if gcd(B — B) # 1 and gcd(A — A) =1, then |A+ B| > |A| + 2|B| — 2.

Proof. Let z1,...,xzs € A be a set of representatives for the dZ-cosets that intersect A. These
cosets give rise to a partition A = (J;_; 4;, where A; = (z; + dZ) N A # (. The hypothesis
d | ged(B — B) ensures that B is itself contained in a single dZ-coset. Thus the A; + B are each

S

contained in distinct dZ-cosets, implying |A + B| = >_|A; + B|. Applying Theorem C to each
i=1

|A; + B| yields the desired bound. Finally, if d = gcd(B — B) > 1 and ged(A — A) = 1, then

s > 2 follows, and now the previous bound implies |A + B| > |A| 4+ 2|B| — 2. This bound is
trivial when |B| =1, i.e., when gcd(B — B) = 0. O

We next introduce several notions for 2-dimensional sets. The first is that of compression, a
concept that has been exploited to much success in additive theory [2] [4] [5] [6, Chapter 7] [7]
[14] .

Let A C Z? be a finite subset. The linear compression of A, with respect to e and denoted
C.,(A), is the set obtained by compressing and shifting A along each vertical line until the
resulting set is an arithmetic progression with difference ey whose first term is contained on the
horizontal axis. More concretely, we define the set Ce,(A) C Z? piecewise by it’s intersections
with the lines Zey + xeq, for z € Z, by letting C.,(A) N (Zey + xeq) be the subset of Zey + xeq
satisfying

m2(Ce,(A) N (Zeg + ze1)) ={0,1,2,...,(r — 1)},

where |A N (Zes + xe1)| = r and the right hand side is considered empty if » = 0. Letting
Cy:= C N (Zeg + tey) below, it follows in view of Theorem C that

[A+B] = ) |(A+B)

teZ

> Y max{|As+ Bii|: As#0,Bis # 0}
teZ

> Zmax{’As‘ + ‘Bt—s’ —1: As # @;Bt—s # Q)}
teZ

= |Cez (A) + CeQ(B)|7 (6)
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for finite subsets A, B C Z2.
For Theorems 1.1, 1.2 and 1.3, we have |m2(A)| = 2 and |m2(B)| < 2. By translating appro-

priately, we may assume
A=AgUA; and B = ByU B,

with Ay, By € Ze; both nonempty and A; and B; the elements of A and B, respectively, not
contained on the horizontal line Ze;. Observe this means all elements of A; lie on a horizontal
line parallel to Zey, say on Zei + xeo, as do all elements of By, say on Zey + yea. Thus Bj is
nonempty precisely when |my(B)| = 2 rather than |my(B)| = 1. If |7m2(B)| = 2 and |z| # |y|, then
applying Theorem C four times gives |A+ B| > |Ag + Bo| + |Ao + B1| + |A1 + Bo| + |A1 + By| >
(1 40| + | Bol = 1)+ (| Ao |+ Bt = 1) + (| A1 |+ | Bo| = 1)+ (| A1] + | Bi| ~ 1) = 2/ 4| +2| B| — 4, contrary
to hypothesis. Therefore we may assume |x| = |y|, which together with (A + B — A — B) = Z?
forces |x| = |y| = 1, and now, replacing A by A+ ey if z = —1 and B by B+ ey if y = —1, we

may assume

Ao, By C Zei, Ay, Bi CZei+ey; and Ay, By, Ay # 0.

For any set X C Z? with |m(X)| = j < 2, there is a unique minimal (by inclusion) set
Px C 72 that is the union of j arithmetic progressions with difference e; and has X C Px.
Thus Px minimizes |Px \ X| over all Px that are the union of j arithmetic progressions with
difference e;. We will use this notation Px for the remainder of the paper.

Leaving Ag and By fixed but translating A; and B; by the same constant ae;, where o € Z,
has the effect of shifting both the sets A; and B; along the horizontal line Ze; + es by the
amount «. This is the same as applying the linear transformation 1 : Z?> — Z2? given by
(z,y) — (x + ay,y), which is easily seen to have determinant 1 and thus map Z? isomorphically
onto Z2. We will call such a linear transformation 1 a horizontal shift. Using a horizontal shift
by «, we can replace the sets A1 and By by A1+ ae; and Bj + aeq, in effect, allowing us to slide
the sets A; and By by the same amount along the line Ze; 4+ e5. Since it is readily seen that the
desired conclusions holding for the sumset ¥(A) + ¢ (B) imply that the desired conclusions hold
for the original sumset A + B, we will make free use of horizontal shifts in the proofs below.

For instance, given any fixed x € {0,1}, it is easily seen that there is a horizontal shift
Y : 72 — 72 so that

max 11 ((Az)) < minm (¢Y(A41-,)) and max 71 (Y (By)) < min7y (Y(Bi-z)), (7)

where max () := +oo and min{) := —oo, with equality holding in at least one of the estimates
in (7). Indeed, to see this, simply choose a horizontal shift such that equality holds in the first
inequality of (7). Then, if the second inequality in (7) fails, further shift the sets A;_, and B;_,
to the right until equality holds in the second inequality of (7). As further shifting A;_, only
increases minm (¢(A1—z)), the first inequality of (7) remains true, showing (7) holds.
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Let A := C,,(1)(A)) and B := C.,(¢(B)), with A = Ay U A} and B = By U B;, where
A; = AN (Zey +iey) and B; = BN (Zey + iey) for i € {0,1}. Since (A+ B — A — B) = Z? with
Y : Z2 — 72 an isomorphism, it follows that

(Y(A+B— A—B)) =17

Moreover, we have

(Ao + By — Ay — Bo) = Ze, (8)
for if instead (Ag+ By — Ag — EO) = dZe; with d > 2, then it is easily seen that ((A)— 1/}(A)> <
(Ag—Ag) x Z < (Ag+Bo— Ag— Bo) x Z = Zdey x Z (the first inclusion follows in view of |A;| < 1;
see (10) below) and (¢ (B) — 1/1(B)> (Bo— Bo) x Z < (Ag+ By — Ay — Bo) x Z = Zde, x Z (the
first inclusion follows in view of | B;| < 1), contradicting that ()(A) —(A)) + (H(B) — h(B)) =
(Y(A) +p(B) — (A) — (B)) = Z>2. The following properties are also easily observed:

|A] = [A] and |B| =B, (9)

Ay, |B1 <1 and max{|Ay|, |Bi|} =1, (10)
[Pz \ Al = [P, \ A and |P5\ B| = [P, \ Bo| (11)
|Pa\ Al < [P7\ 4] and [P\ B| < |Pg\ B, (12)
|A+B| > |A+B| (13)

where (13) follows in view of (6). The use of such pairs (4, B) to study more general configura-
tions of points in the plane follows that of Freiman [4] and Stanchescu [14]. They will allow us
to attain the desired bounds for |P4 \ A| and |Pp \ B| rather easily.

Proof of Theorem 1.1. Let A= /Tg UA; and B = E() U By be as defined above. Then, since
By = 0, it follows that By = 0, By = B, |A;| = 1 and |Ay| = |A] — 1. Consequently, it follows
from (9) and (13) that

| Ao+ B| + |B| = |A+ B| < |A+ B| = |Ag| +2|B| — 1+ r < |Ag| + 2|B| + min{| Ao|, |B|} — 4.
Thus, in view of (8), we can apply Theorem A (i) (with d = 1) to Ag+B to conclude |PZO\ZO| <r
and |Pg \ B| < r, and now the proof is complete in view of (12) and (11). O

Proof of Theorem 1.2. Let A = AyU A; and B = By U B; be as defined above. From our
hypotheses and (13) and (9), we find that

A+ B| <|A+B|<|A|+2|B| —2+47r < |B|+ 2|4 —2+7r
and
|A+ B| < |A+ B| <2|A| +2|B|] - 6.

Thus, if either El =0 or /Tl = (), we can apply Theorem 1.1 to A+ B to conclude ]Pg \ E‘ <r
and |Pg\ B| < r, in which case the proof is complete in view of (12). Therefore, in view of (10),
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and by appropriately translating the sets A and B, we may instead assume A; = By = {0} x {1},
in which case

| Ao| = |A| =1 > |B| — 1 =|By.
Note
[A+B| = |A+B| = |Ag+ Bo| +|(0+ Bo) U (Ay +0)[ +1
= |Ao + Bol + |Bo| + |Ao| — |Bo 1 Ag| + 1. (14)
We have the trivial estimate
| Bo N Al < [Byl, (15)
with equality only possible if Eo C ;{0, We also have the trivial estimate
|Bo N Ag| < |4 (16)
with equality only possible if Ay = By (in view of ]Zo| > |§0]) However, in view of our
normalization assumption A; = B; = {0} x {1} and the definition of A and B, it follows that
the equality Ag = By is only possible if A = B. In particular, it is only possible if §(A4, B) = 1,
allowing us to refine the estimate in (16) to
|Bo N Ag| < |Ag| — 1+ (A, B). (17)
By hypothesis, we have
|A+ B| |A| +2|B| —2+7—6(A,B) = |Ao| +2|Bo| + 1 +7—86(A,B) and (18)
|A+B| < 2|A|+2|B| -6~ (A, B) = 2|Ag| + 2|Bo| — 2 — §(A, B). (19)

Combining (14), (17) and (18) yields
| Ao + Bo| < |Ao| + |Bo| — 1+
Combining (14), (15) and (19) yields
| Ao + Bo| < |Ao| +2|Bo| — 3 - 6(4, B),
with strict inequality unless Eo C ;IO, If we have have strict inequality, then
| Ao + Bo| < |Ao| + 2| Bo| — 3 — (Ao, Bo). (20)

On the other hand, if By C Ay, then 8(Ag, By) = 1 (which implies [Ag| < |Bo|) is only possible
if Ay = By, further implying A = B and 6(A, B) = 1. Thus 6(A, B) > §(Ag, Bo), so that (20)
holds in this case as well. Consequently, in view of (8), we can apply Theorem A(i) (with d = 1)
to Ao+ By to conclude P4, \ Ag| < r and |Pg, \ By| < r, and now the proof is complete in view
of (12) and (11). O

We now come to the proof of our main theorem.
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Proof of Theorem 1.3. The assumption |A| > |B| is present in the statement of Theorem 1.3
solely to simplify its presentation. However, to take advantage of symmetry in what follows,
we will not assume this in the proof. Instead, let A be a set from among A and B with larger
cardinality and let B be the other set. By hypothesis,
~ 19 ~
|4+ B| < |A[+ —[B] -5, (21)
which implies
|A+B| < |A|+3|B|—6 and |A+ B|<2|A|+2|B|-6-5(4,B) (22)
except when 0(A, B) = §(B, A) = 1 with |A| = |B| < 3. However, in view (A+B— A— B) = 72,
this is only possible if we can translate A and B so that A = B, |A] = |B| =3 and |A + B| =
34+2+1=06=|A|+2|B|—2—05(A,B) = |A| +|B| + 2B _3 implying r =+ = 0. In such
case, the theorem holds using A = B = P = P4 = Pp. As a result, we can assume (22) holds.
Hence we can apply Theorem 1.2 to conclude that
|[PA4\ Al <r and |Pg\B|<r (23)
In particular, » > 0. We must show |P4 \ A| + |Pg \ B| < 21" and
[P\ (@+A) + P\ (y+ B)| < 2r +2+||Pa| - |P5l| - ||4] - |B]| (24)

for some z, y € Z? with |P\ (z + A)| + |P\ (y + B)| < 2r' unless either Pg C P4 or P4 C Pg.
Observe that |[A| 4 |Pa \ A| = |P4| and |B| + |Pp \ B| = |Pg|. Thus, if |P4| > |Pg|, then

[1PAl = [Pgl| = [14] = |BI| = [Pa\ Al = |Pg \ Bl - 2(|B] - min{|4], |B]}),

which is at most r in view of (23). Likewise, if | Pg| > |P4|, then ‘|PA| - ]PB|‘ - (\A| - ]B|‘ -
|Pp \ B] — |Pa \ A — 2(|A] — min{|A|, |B|}), which is again at most r by (23). In either case,
the bound in (24) is at most 3r + 2.

If 5(11, é) =1, then ]Z| > \§| forces z + A = B for some z € Z2, whence, by an appropriate
translation, we can assume A = B. But then 7’ = r and P = P4 = Ppg trivially has

[P\ A|+|P\ Bl = |Pa\ Al + |Pg \ B| < 2r = 2",
as desired. Therefore we can assume
SAB) =0, r=r+ [lA-1B| -1, ad 22 Al 1B| =2
By definition of r, A and B, we have |A + B| = |A| 4+ 2|B| — 2+ r + 6(A, B). Thus (22) implies
r <|B| —6(A,B) —4 = |B| — 4 = min{|A|, |B|} — 4. (25)

We trivially have |P\ (x + A)| > |Pa \ A| and |P \ (y + B)| > |Pg \ B|. Thus the inequality
|P\ (z+A)|+|P\(y+B)| <2r+2- ’]A\ - |B\’ = 2r" implies | P4\ A|+|Pp\ B| < 2r/, meaning
we only need to separately verify |[P4 \ A| + |Pg \ B| < 2r' when the former bound fails.
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To simplify notation, whenever we consider a subset X contained in a horizontal line, we will
use notation and language from Z, such as diam X, <, ged(X), an interval in X, etc., to refer to
the corresponding concept for m(X). For example, an interval I C X is a set such that (/) is
an interval in Ze;p, diam X = maxm(X) — min71(X), and = < y, for elements z, y € X, means
m(z) < m1(y), etc. Likewise max X € X is the element € X with m () = max7(X), and
min X € X is the element x € X with 7 (z) = minm(X), which both exist when X is finite
and nonempty.

By exchanging the roles of A and B if need be and translating, we may w.l.o.g. assume Pp, C
Py,. Then, by appropriately translating B and possibly applying the linear transformation
(z,y) — (—x,y), we can further assume one of the following three cases holds:

A: Pp, C Py, and P4, C Pp,,
B: Pp, C P4, and P, C Py,
C: Pp, C Py,, min Ag = min By, min A; < min By, and max A; < max B;.

With the translation assumptions above, let

P = PayB.
We handle the above three cases separately.
Case C. In this case, there is a horizontal shift ¢; with

71 (max¢1(A4g)) = m (miny1(4;)) and  m(maxepi(Bo)) < w1 (mine(By)),

and also an horizontal shift ¢9 with

Wl(maxwg(Bl)) = Wl(minwg(Bg)) and m(maxwz(Al)) < Wl(minwg(Ao)).
Let A = C,,(¢¥1(4)), B = C,,(¢1(B)), A” = C,,(¢2(A)), and B" = C.,(»2(B)). From the
above, we have B’ = B[, A’ = Aj U A} with |A]| = 1, B” = B{ U B with |Bf| = 1, and
A" = Al. Moreover, (A'+ B' — A' — B') = (A" + B" — A” — B") = Z? by (8), and in view of
the hypotheses of Case C, we find that
[Pan \A"| +|Pp \ B'| = (I[P \ A| = 1) + (P \ B| - 1). (26)

Now (13), (9) and (22) imply |A"+ B'| < |A+ B| < |A'|+ |B'|+2min{|A4'|, |B’|} — 6. Likewise,
|A” + B"| < |A+ B| < |A”| + |B"| + 2min{|A”|, |B"|} — 6. Also, (13), (9) and the hypotheses
of Theorem 1.3 give
|A"+ B'| < |A+ B|=|A|+|B|+min{|4], |B|} -2+
= |A+2[B| -2+ —(|B| - min{|4], |B[})

and, likewise, |A” + B”| < |B"| +2|A”| — 2 +r — (JA| — min{|A|, | B|}). But this means we can
apply Theorem 1.1 to A"+ B’ and A” + B” to conclude |Pg: \ B'| < r — (|B| — min{|A4|, |B|})
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and |Pa» \ A”| <r — (|A| — min{|A4|, |B|}). Combined with (26), we obtain the desired bound
IP\A|+|P\B|<2r+2— ]yA\ - \B|’ — 2,

Case B. In this case, Pg C P4, implying P = P4y, so that we trivially have |P\ A|+ |P\ B| =
2|Pa| —|A| — |B| = 2|Pa \ A| + |A| — | B|. Moreover, there is a horizontal shift ¢ with

max ¥1(Ag) = m ( min 1/11(A1)) and  m(max1(By)) < m ( min 1/11(31)),

and also an horizontal shift o with

mi(maxhg(A;)) = 7 (minys(Ag))  and i (maxipy(B1)) < i (miny(By)).

Let A" = C¢,(11(4)), B’ = C¢, (¢1(B)), A” = Ce,(¢2(A)), and B” = C,,(1)2(B)) as in Case C.

If both wl(maxwl(Bo)) = Wl(minwl(Bl)) and Wl(maxwg(Bl)) = ﬂl(minwg(Bg)), then
P = P4 = Pg and |A| + |P\ A] = |B| + |P\ B|. Thus, if |A] > |B|, then (23) implies
I[P\ Al =|P\ B|—(|A| = |B|) <r—(|A| — |B|). Likewise, if |B| > |A|, then (23) trivially gives
|[P\ B| = |P\ Al — (|B] — |4|) < r— (|B] — |A]). In either case, we see that one of the two
estimates in (23) can be improved by )\A| - |B[’, yielding the desired bound

IP\ Al +|P\ B g2r—)|A|—|By]:2r’—2.

Suppose equality holds in only one of the two, say Wl(max o (Bl)) = Wl(min o (BO)) (the
other case is nearly identical using A” + B” in place of A"+ B’). Then B’ = Bj, A’ = AjU A]
with [A}| =1, |Pa\ A'| =|Pa\ Al = |P\ Al and |Pg \ B'| = |P4\B|—1=|P\B|—1. Asin
Case C, we can apply Theorem 1.1 to A’ + B’ to conclude

|IP\ Al =|Py\A'|<r and |P\B|=|Pp\B|+1<r+1.

Moreover,

[Al+ [P\ Al = |B| + [P\ B.
Thus, if |A| > |B|, then we have |P\ A| = |P\ B|— (|A| = |B|) <r+1—(|A| — |B|), while if
|B| > |A|, then we instead find |P\ B| = |P\ A| — (|B| + |A]) <r — (|B| — |A]). In either case,
one of the estimates [P\ A| <r or |P\ B| <r+ 1 can be improved by at least ‘|A[ - |B\‘ -1,
yielding the desired bound

P\ Al +|P\ B g2r+2—]yA\—\B|] — 2o,

It remains to consider the case when ( max wg(Bl)) < m ( min z/Jg(BO)) and 7 ( max (Bo)) <
71 (min ey (By)).

In this case, B’ = B, B" = Bjj, A’ = Aj U A} with |4}| =1, A” = AU A} with |[Aj| =1,
and

[P \ B'| +|Pgr \ B"| = |P\ B| + |Pg \ B| - 2. (27)
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As in Case C, we can apply Theorem 1.1 to A" + B’ and A” + B” to conclude |Pg/ \ B'| <
r — (|B| — min{|A|, |B|}) and |Pg~ \ B"| < r — (|B] — min{|A|, |B|}). Thus P = P4 and (27)
give
[P\NA[+|P\B| < 2r+2+|Pa\ Al —|Pp\ B| —2(|B] —min{|4], [B[})  (28)
= 22+ |Pa| - P3| - |14 - |BI|
As explained at the start of the case, we have [P\ A|+|P\B| = 2|Ps\ A|+|A|—|B| < 2r+|A|—|B|
(with the latter inequality in view of (23)). Thus, if |B| > |A|, then |P \ A| + |P \ B| <
2r — ‘|A| — |B|’ = 2r' — 2 follows, as desired. So instead assume |A| > |B|. Observe that
|P\ B| = |P|—|B| = |Pa\ A|+|A| —|B|. Using this substitution in (28) together with |A| > |B|
and P4 = P yields |P4 \ A| + |Pp \ B| < 2r 4+ 2 — (4| — |B|) = 21, which together with (28)
gives the desired conclusions.

Case A. Let ho = ‘PAO \A()’ S |PA\A‘, let h1 = ‘PB1 \Bl‘ S ’PB\B’ and let h/ = ’PBO \B()|
We may assume P4, # Pp,, and thus P4, C Pp,, else Case B applies and the proof is complete.
We may also assume Pp, # Pa,, and thus Pg, C Pa,, else swapping the roles of A and B results

=

in Case B applying, completing the proof as before. In particular,
(5(140, B()) =0 and (5(31,A1) =0. (29)

Moreover, if |Ag| = 1, then |P4,| = 1, whence the case hypothesis forces Pg, = Py,, contrary
to what we just assumed. Likewise, if |B;| = 1, then |Pp,| = 1, whence the hypotheses of Case
A force P4, = Pp,, contrary to what we just assumed. Therefore we may assume

Since P, C P4, and P4, € Pp,, we also have

diam(A4p) = |Pa,|—1>|Pp,| —1=diam(By) and
diam(B;) = |Pp,|—1> |Pa,|—1=diam(4;). (31)

We claim that if the following inequality holds, then the proof is complete:
|A+ B| > |A| + |B| = 3+ |Ao| + [Bi] + ho + ha. (%)

Indeed, since |P| = |Pa,UPp,| = |Ao|+ho+|B1|+hi and |[A+B| = |A|+|B|+min{|A|, |B|}—2+r
(by hypothesis), (¥) implies |P| < min{|A|, |B|} + 1+ r. Thus
[P\A[+|P\B| = 2|P[-[A]-B|
< 2min{|A], |B|} + 2+ 2r — |A| — |B|
2 +2— ‘\A[ - \B\) = 27,

which would give the desired bound.
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Recall (30) and (29). Then, in view of (31), we can apply Theorem A(ii) (with d = 1) to
Ao+ Bp unless ged(Ag— Ao+ Bo—By) > 2. If ged(Ag—Ap+Bo—Bp) > 3, then ged(Ag—Ap) > 3.
If ged(Ap— Ao+ Bo— By) = 2 and ged(Ag— Ap) < 2, then ged(Ag—Ag) = 2 and 2 | ged(By— By).
If |By| = 1, then |Ag + Bo| > |Ao| = |Ao| + 2|Bo| — 2. In all other cases, we can apply Theorem
A(ii) (with d = 1) to Ag + By, with the result that one of the following cases holds:

(a) ged(Ag — Ag) > 3, or ged(Ag — Ap) = 2 and ged(A; — A1) = 2dy > 0,
(b) [Ao + Bo| = |Ao| + 2[Bo| — 2,
(¢) |Ao + Bo| > |Ao| + |Bo| + ho — 1.
Likewise applying Theorem A(ii) (with d = 1) to By + A; gives three possibilities:
(a’) ged(By — By) > 3, or ged(By — By) = 2 and ged(Ay — Ay) = 2d; > 0,
(b7) |B1+ Ail = [Bi] 4 2|As| - 2,
(¢’) |By + Ai| > |Bi| + |A1] + h1 — 1.
Using symmetries, we see this gives us six subcases depending on which of the three cases holds

for Ag + By and Ay + By. However we first make the following observations.

Claim 1. We cannot have both ged(By — By) # 1 and ged(B1 — By) # 1, nor ged(Ag — Ag) # 1
and ged(Ay — Ay) # 1.

Proof. If gcd(By — Bp) # 1 and ged(B; — By) # 1, then |Pg \ B| > |B| — 2, contradicting (25)
and (23). Likewise, gcd(Aog — Ap) # 1 and ged(A; — A1) # 1 would imply |P4 \ 4] > |A| — 2,
also contradicting (25) and (23). O

Claim 2. [(Ag+ B1) U (Bo+ A1)| > |Ao| + [(Bo + A1) N I| for any interval I C es + Zey with
|I| < diam Bj.

Proof. For any = € Ay with  + min By < min I, we have = + min By € (4p + By) \ I. For any
x € Ay with x + min By > min I, we have

T + max By > min I + max B; — min By > max I,

with the second inequality in view of the hypothesis max] —minl + 1 = |I| < diam B; =
max By —min B;. Thus x + max By € (Ag+ B1) \ I. As a result, there are at least |Ag| elements
contained in (Ag + Bj) \ I, and the desired lower bound readily follows. O

Subcase 1: gcd(Ap — Ag) > 2 and ged(B; — By) > 2.

In this case, Claim 1 implies ged(A; —A;) = 1 and ged(By— By) = 1. Consequently, Corollary
3.1 gives | By + A1| > 2|B1| + |A1| — 2 and |Ap + Bo| > 2| Ag| + |By| — 2. Combing these estimates
with Theorem C applied to A;+ By, we discover that |A+B| > |Ao+ Bo|+|B1+A1|+| A1+ Bo| >
2|A| 4 2|B| — 5, contradicting (22).

Subcase 2: (b) holds for Ay + By and (b’) holds for A; + Bj.
In this case, the estimates given by (b) and (b’) combined with Theorem C applied to Ag+ By
imply |A + B| > |A0 + Bo‘ + |Bl + A1| + |A0 + Bl| > 2|A| + 2|B| — b, contradicting (22).
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Subcase 3: (c) holds for Ag + By and (c’) holds for A; + Bj.

In this case, combining the estimates from (c) and (c¢’) with Theorem C applied to Ag + B
yields ‘A + B‘ > ’Ao + Bo| + |B1 + A1| + ‘Ao + 31’ > |A’ + ’B| -3+ ho+ |Ao‘ + h1 + |Bl|,
establishing (), thus completing the proof as already noted.

Subcase 4: (b) holds for Ay + By and ged(By — B1) > 2, or (b’) holds for A; + By and
ng(AO - Ao) > 2.
By symmetry, we may w.l.o.g. assume the former case occurs. Thus

|Ag 4+ Bo| = [Ao| + 2|Bo| — 2 (32)

and ged(By — By) > 2. Hence Claim 1 implies ged(By — By) = 1. In view of Subcase 1, we may
assume ged(Ag — Ag) = 1. Thus Corollary 3.1 gives

|Ag + Bi1| > [Ao| +2|B1| — 2. (33)

Likewise, if gcd(A; — A1) # 1, then Corollary 3.1 gives |By + Ai| > |Bo| + 2|41 — 2. On the
other hand, if ged(A; — A1) = 1, then Corollary 3.1 instead gives |A; + By| > |A1| + 2|B1| — 2.

In consequence,
|A1 + Bl| > |A1| + 2|B1‘ —2 or (34)
|Bo+ A1| = |Bo| + 2[4 — 2. (35)

We will derive a contradiction in either case.
Suppose first that (34) holds. Then combining this estimate together with (32) and (33) yields

|A+ B| > |Ao+ Bo|+ |A1 + Bi| + |40 + B
> |A|+2|B| -4+ (|Ag| + 2|B1| — 2).

On the other hand, combining (32) and (34) together with Theorem C applied to By+ A; yields
|A+B| > |Ag+ Bo| +|A1 + Bi| + | Bo + A4
> |Al+2[B| =4+ (|Al + |B| = [Ao| = [B1] = 1).

Averaging these two estimates, we find that
Al+1Bl-3 |3
2 2
where the final estimate follows from (30). But this contradicts (22). So instead assume (35)
holds.
Combining (35) together with (32) and Theorem C applied to Ay + By yields

3 )
[A+ B[ > [A| +2[B| -4+ > SlAl+ 518l =5,

|A+ B| > 3|A| + 3|B| — 5 — 2|B1| — 2] Ao|-
On the other hand, combining (32), (33) and Theorem C applied to A; + B; yields
|A+ B| > |A| + 2|B| — 5 + |Ao| + | B1]-
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Averaging 1 copy of the first bound with two copies of the second, we find that

5|A|+7|B|
3

A+ B| > 5,

contrary to (22), which completes Subcase 4.
In view of the previous subcases, we can w.l.o.g. assume (c¢) holds for Ay + By but not (b)
nor ged(Ap — Ap) > 2. Thus
ng(Ao — Ao) =1 and |A0 + Bo| < |A0’ + Q‘B[)| - 3. (36)

In consequence, in view of (31) and (29), we can apply Theorem A(ii) (with d = 1) to Ay + By
and use the refined machinery described in Section 2. In particular, letting Ja, C Pa, and
JB, C Pp, be the intervals defined there, we have

’A0+Bo| > |A0|+\Bg|—1+max{h0+\J30\Bo\, h6—|—|JA0\A0’}, (37)
|JBo| = |Bo|l —ho +[Jay \ Aol + |JB, \ Bo|, and (38)
| Jaol = [Ao| = ho + T4, \ Aol + |5, \ Bol. (39)

We proceed with two claims before the next subcase. Let
Ry C eg + Zey be an interval with |R;| = diam B; that maximizes |(By+ A1) N Ry|.

Claim 3. We may assume |Jp,| < diam By = |B1|+h; — 1 and |(Bo+ A1) N R1| + |JB, \ Bo| <
diam By = |B1| 4+ h1 — 1, else (%) holds, completing the proof.

Proof. If |Jg,| > diam Bj, then we can find an interval J C Jp, with |J| = diam B; and
|JB, \ Bo| > |J \ Bo|, in which case R = J 4+ minA; C ey + Ze; is an interval with |R| =
diam By and [(By + A1) N R| > |R| — |JB, \ Bo| = diam B; — |Jp, \ Bo|- On the other hand,
if |(Bo + A1) N Ri| + |JB, \ Bo| > diam By, then the same conclusion holds for the interval
R = Ry C es + Zey. In either case, applying Claim 2 yields

‘(A() +Bl) U (B() —I—Al)‘ > ‘A()’ + diam By — ’JBO \B()’ = |A0‘ + ’Bl‘ +hy—1-— ‘JBO\BO‘-

Combining this estimate together with (37) and the estimate |41+ By| > |A1|+|B1]|—1 obtained
from applying Theorem C to A; + B, we find that

|A+ B| >(|Ao| + |Bo| =14 ho + |JB, \ Bol) + (JAo| + |Bi| + h1 — 1 —|Jpg, \ Bol)
+ (|Aa| + |B1] = 1) = [A] + |B| = 3 + |Ao| + | B1| + ho + h1,

yielding (¥%). O

Claim 4. |(Ag +Bl) U (BO +A1)| > |A0| + |(Bo +A1) ﬂR1| > ‘A0| + |Bo| — ho + ‘JAO \A0|
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Proof. Applying Claim 2 with I = R; yields |(Ag+ B1)U(Bo+A1)| > |Ao|+|(Bo+A41)NRy|. In
view of Claim 3 and (38), we have |(Bo+A1)NR1| > |(Bo+A41)N(Jp, +min Ay)| > |Jp,NBo| =
|JBy| — |JBy \ Bo| > |Bo| — ho + |J4, \ Ao|, which combined with the previous inequality gives
the desired bound. O

Subcase 5: (b’) holds for A; + B; with ged(B; — By) < 2.
Since (b’) holds for A; + B;, we have

|Ay + By| > 2|Ay| + |By| — 2. (40)

In view of (31), we have |Ag| + ho > |Bo|. Consequently, if |Ag + Bi| > 2|Ag| + |B1| — 3, then
(37) and (40) imply
A+ B| > 2|A|+|B| -6+ |Ao| + ho + | B
> 2|A[+2|B| -5,
contradicting (22). Therefore we may assume

| Ao + B1| < 2|Ag| + |B1| — 4. (41)

On the other hand, if |Ag + Bi| > |Ao| + |Bi| = 1+ h1 — |Jp, \ Bol, then (37) and Theorem
C applied to A; + B; show that (9 ) holds, completing the proof. Thus, in view of (36), (41)
and the subcase hypothesis gcd(B; — B1) < 2, applying Theorem A(ii) (with d = 1) to Ag + B
implies that

diam Ap > diam By  and  |Ag + Bi| > |A4o| + 2|B1| — 2. (42)

(Note diam Ay > diam B; implies §(Ag, B1) = 0.)
Suppose |Ag+ Bo| > 2| Ag| + |Bo| — 3. Then combining this estimate with (40) and (42) yields

|A+ B| > 2|A| + |B| — 7+ | Ao| + 2| B1].

Using the estimate |Ag|+ ho > |Bo| (from (31)) in (37) and combining the resulting bound with
(40) and Theorem C applied to A; + By yields

|A+ B| > 3|A| + 3|B| — 3|Ao| — 2|By| — 3.
Averaging 1 copy of the above bound with 3 copies of the previous bound yields
9 6 ~ 11 =
A+ B> A+ 1Bl -6 +1B > 14 + - B -4,

where (30) was used for the final inequality, which contradicts (21). So we may instead assume
|Ag + Bo| < 2|Ap| + |Bo| — 4, which in view of (37) forces

ho < ’A0| - 3.
Let I C Py, be an interval with |I| = diam B; such that ged(Aj + By — A — B1) = 1, where

,OZAOOI.
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To see why such an interval I exists, note that (42) implies |Py4,| = diam Ap+1 > diam B; +1 >
|I|. Consequently, if ged(By — B;) = 1, then we need only choose I so that Af, is nonempty
(possible as |I| = diam B; > 1 by (30)), while if ged(By — By) = 2, then |I| = diam By > 2,
so that the only way I could fail to exist would be if there were no consecutive elements in Ag.
However, that would contradict hg < |Ag| — 3, so I exists. We have

‘A6|Z|I|—ho=|B1|—|—h1—h0—1‘ (43)

As argued in Claim 3, for any x € Ag with z > max I, we have x +max B; > max(I + Pp, ), and
for any x € Ag with x < min I, we have x + min B; < min(/ + Pp,). Consequently, there are at
least |Ag| — |A{]| elements of Ay + Bj that lie outside the interval I + Pp,, thus being distinct
from any element of A{) + B; € I + Pp,. Hence

[ Ao + Bi| = |Ag + Ba| + | Aol — [4p|. (44)

Since |I| = diam By < diam B; + 1 = |Pp,|, we have diam By > diam A, in turn implying
d(B1,Ap) = 0. Thus, since ged(By — Bi) < 2 by subcase hypothesis, and since we also have
ged(Ay + B1 — A — B1) = 1 as shown above, we can apply Theorem A(ii) (with d = 1) to
A{, + By to conclude that either |A{ + B;| > 2|Ap| + |B1]| — 2 or |Ay + Bi| > |AL|+ |Bi| — 1+ hy.
If the latter holds, then (44) implies |Ag + Bi| > |Ao| + |Bi| — 1 4+ hi. Combined with (37) and
the bound |A; + Bi| > |Ai| + |Bi| — 1 (from Theorem C), we obtain the estimate |A + B| >
|A| + |B| — 3+ |Ao| + |B1| + ho + hi1, establishing (%) and completing the proof. So we may
instead assume |A{, + B1| > 2|A{| + |B1] — 2, which combined with (44) and (43) gives

| Ao + Bi1| > |Ao| + 2|B1| — 3+ h1 — ho. (45)
Combining the estimates in (37), (45) and (40) gives
|A+ B| >2|A| + |B| — 6+ 2| B1| + h1. (46)
Combining the estimates in (37), (42) and (40) gives
|A+ B| > 2|A| + |B| — 5+ 2| Bi1| + ho. (47)
Combining the estimates in (37), Claim 4 and (40) gives
|A+ B| > 2|A| +2|B| — 3 — |By]. (48)

From (47), we deduce that
hi > |Bi| — 1+ |A1] > | By,

else (%) holds, as desired, and applying this estimate in (46) gives

|A+ B| > 2|A| + |B| — 6+ 3|By]. (49)
Averaging 3 copies of the bound in (48) with 1 copy of the bound in (49), we obtain
7 15 ~ 11 = 15
A+ B|>2|Al+-|B|— — > |A|+ —|B| - —
A+ B> 24|+ 1B~ 2 > | A+ B -,
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contrary to (21), which completes Subcase 5.

Subcase 6: gcd(B; — By) = d > 2. Moreover, gcd(A; — A1) = 2d; > 0 when d = 2.

(Note: the case ged(B; — B1) = 2 with |A;] = 1 was covered in Subcase 5 as (b’) holds
trivially when |A4;] = 1.)

In this case, B; is contained entirely in the dZej-coset min By + dZe;. Let

h§ = |Pp, N (min By + dZe1)| — | B1|
and observe that
hi = (|B1| +hi —1)(d — 1) + h§ = dh] + (d — 1)(|B1| — 1). (50)
Since |Ag| + ho > |Pp,| > |Bo| = |B| — |B1| (by (31)), we have
ho > |B| — [Ao| — [B1] + 1. (51)

In view of (36), let s € [2,d] be the number of dZe;-cosets that intersect Ay, let z1,...,25 € Ao
be representatives for these cosets, and partition Ag = (J;_; A} with each A} = (z; +dZe1)N Ao.
We may w.l.o.g. assume x; = min Ay and that we have ordered the z; in increasing cyclic order
modulo de;.

The quantity ho = |Pa, \ Ao| counts the number of holes in Ay, i.e., the number of elements
T € Py, \ Ap. We can more precisely count these holes as follows. For i € [1,s], let h} be
the number of € Py, \ Ag with = € z; + dZe;. We have max Ay = x5 mod de; for some
€ €[0,s—1]. Let h§ = h{ + ... + h§. Let p be the number of = € P4, \ A not counted by any
hi (so x ¢ x; + dZe; for all i) that also lie between max Ay and the largest element of Py, from
min Ay + dZe;. Note p € [0,d — s] with p = 0 occurring precisely when the elements x1, ..., x5,
form an arithmetic progression with difference e; modulo de;. With this notation, we now have

h0:h8+\A0|+hg+e—s |Ag| — s
S

(@=5)+p= P2 5) 4 S, (52)

generalizing the formula from (50). When d = s, the estimate in (52) is trivial without some
bound for hf, meaning we will need a better way to deal with estimating h§ when s = d. One
way will be through the following setup.

For i € [1, 5], we can apply Theorem A(i) (with d as defined above) and Theorem C to A{+ By
to conclude

\Aé + Bi| > ]Aé\ +|Bi| — 14 Q;,  where €; = max{0, min{h§, |B;| — 2, |A6\ —2}}.
Thus we obtain

[ Ao+ Bi| =) _|Af+ Bil > [Ao| +s(|1Bil = 1) + > Qi > [Ag| + s(|Bi| - 1). (53)
i=1 i=1

Let © C [1, s] be a subset of indices a € [1, 5] with |Af| —2 < min{AS, |B;|—2} for o € ©. Note
this ensures Q, > |Af| — 2 for a € ©.
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Each P4, N (z; + dZey) for i € [1,s — €] has size W, while each P4, N (z; + dZey)
for i € [s — e+ 1, s] has size % — 1. Thus hf = % — |Aj] for i € [1,s — €], and

i — |Aolthite |Aj| — 1 for the € indices i € [s — €+ 1,s]. Moreover, if © C [1,s] is proper,

S
then (%} is a trivial lower bound for %. In consequence, assuming |O| < s,
we have
. Ap| — Af C] S
401> Yongmine, o)y > M1 Zuco ilig g 1Oy S g
s — O] s — 6] s — O]
acO ac® acO
(54)
Since > Qo > > (|Af] —2) and |Af| —2 < min{AS, |Bi|—2} for o € ©, we can combine these
ac® acO

estimates with (54) to obtain

: ] . ]
B+ D0 2 o= (140l = 3 1451) — 3101 2 i (140l — 01081~ 1)) ~3j6], (59)

a€O a€O

1+ 300 = 2 (1 = X 1451) - 3lel = 10 (10l - fes + 1))~ 3lel. (50)
ac® acO
If d = 2, then the subcase hypotheses ensures ged(By — By) = 2 and ged(Ay — A1) = 2d; > 0,
whence Claim 1 implies ged(Ag — Ap) = ged(By — By) = 1.
By + A; gives

Thus, Corollary 3.1 applied to

’Bo+A1| > |Bo|+2|A1‘ —2 when d = 2. (57)

Moreover, in view of Subcase 5, we can assume (b’) does not hold when d = 2, in which case
|B1+ Ai| < |Bi|+2]A;i|—3. Consequently, we can apply Theorem A(ii) (with d = 2) to By + A
to conclude (in view of (29) and (31)) that

‘Bl‘—FQ‘Al’—?)Z‘A1+Bl‘Z’A1|+‘Bl|—1+h? when d = 2. (58)

If Q4 > h§ for some « € [1,2], then combining (37), (53) and (58) yields |A + B| > |A| + |B| —
3+ |Ao| + |Bi| + ho + (|B1] — 1 + 2h$). Hence (%) holds in view of (50), as desired. So we may

assume
Qo < h] forall o€ [1,2] when d = 2. (59)
We continue with the following claim.
Claim 5. |A; + By| < |A1] +2|By| — 3, else (%) holds, as desired.
Proof. Assume to the contrary that
|A1 + Bi| > |A1| + 2|B1| — 2. (60)
From (37), (60) and |Bg + A1| > |Bo| + |A1] — 1 (by Theorem C), we have

|A+ B| > 2|A| +2|B| — 4 — |Ag| + ho. (61)
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From (37), Claim 4 and (60), we have
|A+ B| > |A] +2|B| — 3 + | Ay (62)
Suppose d = 2, so s = d = 2. Then combining (37), (51), (57), and (60) yields
|A+ B| > 3|A| + 3|B| — 4 — 3|Ao| — | B1|. (63)

2
If Qo > |Ag] — 2 for all @ € [1,2], then Y €; > |Ag| — 4, whence (53) implies |[Ag + By| >
i=1

2|Ap|+2|B1| — 6. Combining this estimate Zv;ith (37), (51) and (60) yields |A+ B| > |A|+2|B|—
8+|Ap| +2|B1|. Averaging 1 copy of this bound with 2 copies of (63) and 5 copies of (62) yields
12|A| + 18| B| — 31 31

8 8’
contrary to (21). Therefore, in view of (59), we may assume €0, > |B;| — 2 for some 7' € [1,2].
Let v be the other index from [1,2]. If Q, < |By| — 2, then in view of (59), we have [A]] — 2 <
0, <min{h§, |B1| — 2}, allowing us to use (54)—(56) with © = {v}. In such case, the estimates
(37), (53), 1y > [B1]| — 2, hg > h§ and (55) give

~ 11 ~
[A+ Bl = > ||+ |B| -

|Ag + Bo| + [Ao + B1| > (|Ao| +|Bo| — 1 + ho) + (|Ao| + 2|B1| — 2+ Q + Q)
> |B| 42| Ao| + |B1| = 3 + h§ + Qy 4 (|B1] - 2)
> |B|+3|Ao| + |B1| - 7.
Combining this estimate with (60) yields |A + B| > |A| + |B| — 9 + 2|Ag| + 3|B1|. Averaging 1
copy of this bound with 3 copies of (63) and 7 copies of (62) yields
17|A| + 24|B| — 42 30,5 42
11 11 11’
contrary to (21). Therefore we instead conclude that €, > |B;| — 2. Since we already showed
Qy > |B1| — 2, (53) implies that |Ag + Bi| > |Ag| + 4|B1| — 6. Combining this estimate with
(37) and (58) yields

|A+B| > > |A] +

[A+ B| > |A[ + [B| = 3+ |Ao| + [Bi] + ho + (3[ B1| = 5 + h3).

Thus we may assume 3|B1| —5+h{ < h; —1 = 2h§ +|By| — 2, with the latter inequality in view
of (50), else (%) holds, as desired. Hence h{ > 2|B;| — 3. Combining (37), (51), (57), (58) and
h§ > 2|B;| — 3 yields
|A+ B| > 3|A| + 3|B| — 6 — 3| Ag]. (64)
From (37), Claim 4, (58), h§ > 2|B;| — 3 and (30), we have
|A+ B[ > [A]| +2[B| = 5+ [Ao| + [B1] = [A| +2|B| = 3+ | Ag|. (65)

Averaging 3 copies of (65) with 1 copy of (64) yields
6|4 +9|B| — 15 15
4

A+ B| > it
A+ B> 2

~ 11 ~
> 4] + 1Bl -
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contrary to (21), which completes the case when d = 2. So we may now assume d > 3.
We next show that

(Ao + B1) U (Bo + A1)| < [Ao| + [Bol. (66)
Suppose (66) fails. Then combining the resulting bound with (37) and (60) yields

|A+ B| > |A| + 2|B| — 3+ | Ao| + ho. (67)

If |[Ag + Bi1| > |Ao| + 3|B1| — 3, then (37), (60) and (51) give |A + B| > |A| + 2|B| — 5+ 3|B1].
Averaging this estimate with 3 copies of the bound from (67) (using (51) to estimate hg) yields
11

R

contrary to (21). Therefore, instead assume [Ag + Bi| < |Ag| + 3| B1| — 4, whence (53) implies
that s = 2 with Qq < |B1| — 2 for all a. Thus (52) implies hg > 5|Ag| — 1 in view of d > 3. But
then, using this estimate in (67) and (61) and averaging the resulting bound from (67) with 3

11
A+ B| 2 |4 + L |B| -

copies of the resulting bound from (61) yields

A+ B> 7|A|+84|B|19 . !ﬁ|+%|§|—%
contrary to (21). This shows that (66) holds.
Next, we show that
diam By > diam B; > diam A;. (68)

The latter inequality follows from (31). As a result, if (68) fails, then |Pp,| — 1 = diam By <
diam By, whence we can apply Claim 2 with I = Pp,+min A; to obtain [(Ag+ B1)U(Bo+A1)| >
| Ao| + | Bol|, contradicting (66). This establishes (68), in turn implying 6(By, A1) = 0.

In view of Claim 1 and ged(B; — By1) = d > 3, we have ged(By — Bp) = 1. We claim that

[Bo + A1| = [Bo| 4 2[A1] — 2 = 2|A| + [B] = 2 = 2[4o| — [B1]. (69)

Indeed, if this fails, then (68) and ged(Bp — Bp) = 1 allow us to apply A(ii) (with d = 1) to
By + A; to conclude that there is an interval R € By + A1 C Pp, + Pa, € Py, + Pp, with
|R| > |Bo| + |A1]| — 1. If |R| > diam By, then we can find an interval I C R C By+ A; with |I| =
diam B;. Applying Claim 2 then yields |(Ao+ B1)U(Bo+ A1)| > |Ao| + || = |Ao| +|B1|+h1 —1,
which combined with (37) and |A; + Bi| > |A1] + |Bi] — 1 (from Theorem C) yields (%), as
desired. On the other hand, if |R| < diam Bj, then we can apply Claim 2 with I/ = R to find
|(Ao + B1) U (Bo + A1)| > |Ao| + |R| > |A| + |Bo| — 1. Combining this estimate with (37) and
(60) then yields |A 4+ B| > 2|A| 4+ 2|B| — 4 + hg, contrary to (22). This establishes (69).
From (37), (51), (53) and (60), we have

S
|A+ B| > A +2|B| = 2+ s(|B1| = 1) + Y _Q; > [A| +2|B| — 4+ 2|By]. (70)
=1
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From (37), (51), (69) and (60), we have
|A+ B| > 3|A| + 3|B| — 4 — 3|Ag| — | B1]. (71)
We claim that
|A+ B| < |A| +2|B| — 13+ 5|B4]. (72)
Indeed, if (72) fails, then averaging 1 copy of the resulting bound with 15 copies of the bound
in (62) and 5 copies of the bound in (71) yields
31|A| +47|B| — 78 B,E_%
21 7 7’
contradicting (21). This establishes (72). But now (72) and (70) ensure that

|A+B| > > |A] +

s < 4.

Suppose s < d — 1. Then (52) implies that hg > ‘A—;}l — 1. Combining this estimate with (37),
(69) and (60) gives

2s —1
=240l (73)

Averaging s copies of the bound in (73) with 2s — 1 copies of the bound in (62) yields
(5s —1)|A| + (6s — 2)|B| — 125 + 3 83—2|§’_12s—3.
3s—1 3s—1 3s —1
However, for the values s = 2,3,4, the above bound becomes |A + B| > |A| + %@\ -2

|A+ B| > |A] + %\E —3 and |[A+B| > |A| + %@] — 35 respectively, all of which contradict

|A+ B| > 3|A| 4+ 2|B] — 6 —

A+ B| > > |A| +

(21). So we may instead assume s = d > 3. Thus
s=d=3 or s=d=4.
From (37), (53), (60), (50) and s = d, we find that

[ A+ Bl = |Al+|B| =3+ Ao +|Bil + ho + s(|Bi[ = 1) + Y (74)
i=1

S
= |A[+|B| =3+ |Ao| + Bi| + ho + h + (|1B1] = 1) + Y _Q; — sh.
i=1
Consequently, we can assume

S
> Qi < sh§ — |Bl, (75)
i=1
else (%) holds, as desired. In particular, h$ > 1[B;| > 0. Also, (70) and (72) imply that
|B1| > =2 > s+ 1> 4 for s € [3,4], whence
h§>2 and |Bj|—2>2. (76)
Let us next show that there must be some v € [1,s] with ., < |AJ| — 2. If this fails,

S
then > Q; > |Ag| — 2s. Using this estimate in (53) gives |Ag + By| > 2|Ag| + s|Bi| — 3s >
i=1
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2|Ap| + |B1| + s — 4, with the latter inequality from (76). Combining this bound with (37), (51)
and (60) yields

|A+ B| > |A| +2|B| — 6 + s + |Ag| + | B1]-

However, averaging 3 copies of the above bound with 1 copy of (71) yields

6/A|+ 9B — (22— 3s) +2|Bi| _ 7 11~ 13

A+ B| > > Al + —|B| —
A+ B> : > 4]+ |B]

contrary to (21). So we may assume Q. < |AJ| —2 for some v € [1, s], in which case (76) ensures
that

Q, > min{hS, |B1| — 2} > 2. (77)
If s = 4, then (70) and (72) ensure that ; < |Bj| — 2 for all ¢ € [1,s]. If Q; > A for at
S
least two indices ¢ € [1,s], then (75) implies that 2h§ < > €; < 4h§ — |By| in turn implying

=1

|B1| < 2h§ < ZQZ, whence (70) contradicts (72). So we see that there must be at least
=1
s — 1 indices « 6 [1,s] with |A§| — 2 < Qo < min{h{, |Bi| — 2}, allowing us to use (55) with

© =[1,s] \ {7} when s = 4. Let us next show that we can assume the same when s = 3. If this

S S S
fails for s = 3, then either » €; > 2|Bi|—4 or > €Q; > |Bi| —2+h§ or > €; > 2hS. In the first
i=1 i=1 i=1

S
case, (70) contradicts (72). In the second case, (75) implies |Bj| — 2 + h§ < ZIIQZ < 3h§ —|B1l,
1=

S
in turn implying h§ > |Bi| — 1, whence Y Q; > |Bi| — 2 + h§ > 2|By| — 3, so that (70) again
i=1

contradicts (72). Finally, in the third case, (75) instead implies 2h§ < ZQl < 3h§ — |B1], in

turn implying |B;| < h§, whence EQ > 2h§ > 2|Bj|, so that (70) once more contradicts (72).

Thus, for both remaining values of s, we see that we can use (55) with |©] = s — 1.
Now (74), (77) with hg > h§ and (55) with |©| = s — 1 combine to yield

|A+ B| > |A| + |B| + (s* — 65 + 3) + s|Ao| — (s* — 3s)| B1|. (78)

Averaging 3 copies of the bound in (78) with 3s —8 > 1 (in view of s > 3) copies of the first
S
bound in (70) (using the estimate ) €; > 0) and s copies of the bound in (71) yields

=1
a4p > (657 5IAI+(95—13)|B| - (205 —25)
4s — 5
~ 11s — 13 ~ 20s — 25
> |A Bl ‘
> H+4_5|, —

For s = 3,4, the respective bound given above is |A + B| > |A] + §|§| —5and |[A+ B| >
Al +31 ]B| 5, both of which contradict (21), which at last completes the proof of Claim 5. [
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Since ged(By; — By) = d > 2, Claim 1 implies that ged(Bg — Bp) = 1. In view of Claim 5 and
Corollary 3.1, it follows that A; is contained in a single dZej-coset, i.e., d | gcd(A; —A1). In view
of ged(By — By) = 1, let ¢ € [2,d] be the number of dZe;j-cosets that intersect By. Repeating
the setup from the beginning of Subcase 6 for By instead of Ay, we find that
o |Bol —t
- t
Similar arguments can be used to estimate the quantity |Jp, \ Bol, giving
Byl — /By \ Bo| — ¢ [Bo| — ho +[Ja \ Ao| — ¢

t t
|Bo| — ho — t
- t
where the second inequality follows from (38). Using (39) instead of (38), we can likewise

hh (d—1). (79)

|JB, \ Bo| > (d—1)

d=t) =
(d—1), (80)

estimate |Jy4, \ Aol, giving us

|[Jao| = [Ja, \ Ao| — s [ Aol = ho + 1B, \ Bol — s

a0 \ Ao| > : (-5 > : (d-5)
> |A°‘_Sh6_8(d — ). (81)

Applying Corollary 3.1 to By + A;, we obtain
[Bo + A1 = [Bo| + t(|A:] = 1). (82)

Claim 6. |A1’ + |Bﬂ +h? —1< ‘Al +Bl| < |Bl| —|-2’A1| - 3.

Proof. When d = 2, the claim follows from (58). So we may assume d > 3. Since A; is contained
in a dZej-coset with ged(B; — B1) = d and diam(B;) > diam(A4;) (in view of (31)), it suffices
in view of (29) to show |A; + B1| < |Bi| + 2|Ai| — 3 as the remaining conclusion of the claim
will then follow from applying Theorem A(ii) (with d = ged(B; — By)) to By + A;. Assuming
by contradiction that

[A1 + Bi| = |Ba| + 2|A4] = 2, (83)

we can combine (83), (37), and Claim 4 to yield
|A+ B| > 2|A| +2|B| — 3 — |By]. (84)
Combining (83), (37), and (53) (using the estimates hg > 0) yields
|A+ B| > 2|A| + |B| — (s + 3) + s|B]. (85)

Averaging s copies of the bound in (84) with 1 copy of the bound from (85) gives us

(2s +2)|A] + (2s + 1)|B| — (45 + 3) 35—1—2@‘_434—3
s+1 s+1 s+1°

For s > 3, the above bounds yields |A + B| > |A| + 1Tl|§| — 15 contrary to (21). It remains to
handle the case s = 2.

A+ B| > > |4+
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In this case, (52) implies hg > 3|Ao| — 1 in view of d > 3. Using this estimate together with
(83), (37), and (53) (and recalling that s = 2) yields

1
|A+ B 22\A|+\B|—6+§|Ao\+2|31|. (86)

From (37), (51), (83) and (82) (using t > 2), we obtain
|A+ B| > 4|A| + 3|B| — 4 — 4| Ao| — 2|By|. (87)

Averaging 14 copies of (84) with 8 copies of (86) and 1 copy of (87) yields

48| A| + 39|B| — 94 ~ 64 ~ 94
A+ B| > 4] 5 > Al + S 1B] - &5
23 23 23
contrary to (21). This completes Claim 6. O
From (37), Claim 6 and Claim 4, we obtain
A+ Bl > [A] +|B| - 2+ [Ao| + [Bol + (17, \ Bol + 11, \ Ao| + 5 (88)

From (37), Claim 6 and the first estimate in (53), we obtain

A+ B> Al + (s + DIB| = (5 +2) + | 4o] = s|Bol + (ko + |75, \ Bol + 1§ +30),  (89)
=1

A+ Bl = |Al+ (s + D)IB| = (s +2) + [ Ao| = s|Bol + (i + |1, \ Ao| + 1§ + D). (90)
i=1

From (37), Claim 6 and (82), we obtain
A+ Bl = (t+1)|A] + |B| = (¢ +2) = | 4| + | Bol + (ho + |7, \ Bo| + h),  (91)
[A+ Bl 2 (t+ DA+ |B| = (t+2) — 4ol + | Bol + (I + [ Tag \ Aol +h). (92)

Let r = min{s, t} € [2,d]. Since (89)-(92) are clearly monotonically increasing with s and ¢,
these bounds all hold replacing s or t by r.

Now suppose that the following inequalities hold, where = € [0,1] and ¢ > 0 are as yet
unspecified real numbers:

|A+ B| > [A[ + [B] = 2+ |Ao| + | Bol, (93)
[A+ Bl = [A[ + (r + 1)[B| = (r +2) + |Ao| — 7[Bo| + zmin{| Ao, [Bo[} — ¢, (94)
[A+ Bl = (r+ 1)|A] + [B| = (r +2) — r[Ao| + [ Bo| + 2 min{|Ag|, [Bol} — €. (95)

Observing that the system of inequalities given by (93)—(95) is completely symmetric with
respect to the variables |Ag| and |Bpl|, it does not matter whether |Ag| or |By| attains the
minimum in min{|Ao|, |Bo|}, and we will w.l.o.g. assume |Ay| = min{|Ayp|, | Bo|} for the following
calculation (the case |Bg| = min{|Ag|, |Bo|} being nearly identical): averaging 72 —1 — x(r + 1)
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copies of of the bound in (93) with r + 1 — x copies of the bound in (94) and r + 1 4 x copies of
the bound in (95), we obtain

(Cr+1)(r+1)—2)|Al+2r+1)(r+1-2)B[-2(r+1)2r+1—-xz+¢)

A+ B
|4+ Bl [
~ 3r+1—x ~ 22r +1 —x +
> |4+ 1B| - ( 9. (96)
r+l—-=z r+1—ux

Moreover, if 2 < 1 and any of the bounds in (93)-(95) is strict, then the bound in (96) will also
2(e+(1—x)(|B|-1))
(r+1—2)2
non-negative for = € [0, 1], meaning the bound in (96) is minimized for small r. In view of (88),

(89) and (91), the bounds (93)—(95) hold with x = ¢ = 0. Consequently, if » > 6, then (96) with

=€ =0 gives

be strict. The derivative with respect to r of the above expression is , which is

~ 19 ~ 26
A+ B|> |Al+ —=|B| - —
A+ B> A+ 1B~ 2,
contrary to (21), meaning we may now assume
r <5.

Suppose d > r + 2. Then (79) and (52) imply h{ > 2|Bo| —2 > (1 — £)|Bo| — 2 or hg >
2|Ao|—2 > (1—£)|Ao| — 2 (depending on whether r = ¢ or r = s), with the latter inequalities in
view of |Ag| > s and |Bp| > ¢ (which hold trivially in view of the definitions of s and ¢). Moreover,
if r = 2, then we can slightly improve this to hy > (1 — §)|Bo| — Sorhg>(1- &) Ao| — 3. As
a result, (88)-(92) imply that (93)—(95) hold with z =1 — % and € = 3, and in the case r = 2,
both (94) and (95) hold strictly. Thus (96) yields

19
7

13

5T+ 3
7 b
67"

| A+ B| = |A| + —|B| -
with a strict inequality for r = 2. For r = 2, this gives |[A + B| > |A| + 1—79|§] — 5, and for r > 3
we instead have |A+ B| > |A|+ 179@ | — 22, both of which contradict (21). It remains to consider
the cases when s,t € [d — 1,d] with » = min{s, t} <5.

Suppose s =t = d — 1. Then (52) implies that hg > 1[4| — 1 and (80) implies |, \ Bo| >
1| Bo| = 2hg — 1, implying ho+ |Jp, \ Bo| > 1| Bo| + “”;—21|A0| — 2521 We can apply this inequality
to estimate the parenthetical quantities in (89) and (91) for each of the values s = r € [2,5]
individually, and estimate the parenthetical quantity in (88) by 0. Then, for s = 2, averaging 3
copies of (88) with 13 copies of the resulting bound in (89) and 11 copies of the resulting bound
in (91) yields |A + B| > AWSIBIZI o 41 4 251 5] — 46 contrary to (21) in view of |B| > 2.
For s = 3, averaging 156 copies of (88) with 111 copies of the resulting bound in (89) and 105
copies of the resulting bound in (91) yields |A + B| > 687"4'”3(]752'3'71752

s = 4, averaging 205 copies of (88) with 81 copies of the resulting bound in (89) and 79 copies
|A + B| > S81IAL+689/5|-1650
= 365

, contrary to (21). For

of the resulting bound in (91) yields , contrary to (21). For s =5,
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averaging 546 copies of (88) with 151 copies of the resulting bound in (89) and 149 copies of the
A+ B| > 1591| A|+1601| B|—3732
= 846

resulting bound in (91) yields , contrary to (21).

Suppose s =7 =d — 1 and ¢t = d. Then (81) implies that [.Ja, \ Ao| > L|Ag| — 1hj — 1 with
t = s+ 1. We can apply this inequality to estimate the parenthetical quantities in (88), (90)
and (92), yielding

1 1
A+ B> |4+ 1Bl -3+ "L + ]Bo\ (97)
—1
| A+ B| > [A|+ (s +1)|B| — (s +3) + — s|Bo| + 21, (98)
2
+s5—1 -1
[A+B| = (s +2) A+ [B| = (s +4) = —————|Ao| +|Bo| + ——hj,.  (99)

Averaging s3 + s? — 2s — 1 copies of the bound in (97) with s + 2s copies of the bound in (98)

and s? + 2s + 1 copies of the bound in (99) yields

(283 + 652 + 5s + 1)|A| + (25% + 5s? + 25)|B| — (5s® + 14s® + 95 + 1) + (52 + s — 1)h},
s(s+1)(s+2) )

For the values s = 2,3,4,5, the above bound, using h{, > 0, becomes |A + B| > 51
‘A+B| > 124|A|+105|B\ —289 ’A—l—B‘ > 245|AH—216\B\ —581 and ’A+B| > 426|A|+385\B\ 1021

|A+B| >

51| A|+40|B|— 115

)

respectively, all of Wthh contradlct (21).

If s =dand ¢t =r =d— 1, then (80) implies |Jg, \ Bo| > }|Bo| — +ho — 1. In view of
the symmetry between the variables |Ap| and |By| in (88)—(92), we can then repeat the above
calculation, swapping the roles of |Ag| and |By|, of s and ¢ and of h{ and hg, and using (89) and
(91) in place of (90) and (92), to yield the same contradiction as in the last paragraph. So it
remains to consider the case when r =s =t =d € [2,5].

If Q; > h§ for at least s — 1 indices ¢ € [1, 5], then (89), s = d and (50) imply that () holds,
as desired. Thus
h§ >0 (100)
and, since Claims 5 and 6 imply that h§ < |Bj| — 2, we conclude that there must be distinct
indices a, 8 € [1,s] with [A2| —2 < Q, < b < |By| —2 and |4 —2 < Qg < hS < |By| — 2.
Consequently, letting © = {«, 8}, we can apply (56) with |©| = 2 for s > 3. Before using this
estimate, let us first show that we must have 0, < |A]| — 2 for some v € [1, s].

If Q; > |Aj| — 2 for every i € [1,s], then iﬂl > |Ap| — 2s. Using this estimate along with
(51) and (100) in (89) yields -
|A+ B| > |A|+ (s + 1)|B| — 3s+ |Ao| — (s — 1)|By- (101)
Using the estimates (51), (100) and ¢ = s in (91) yields

|A+ B| > (s+ 1)|A| + |B| — s — (s + 1)|Ao| + 2| Bo|- (102)
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Averaging s — 3 copies of (88) (using (100) to estimate the quantity in parenthesis) with s + 3
copies of (101) and s copies of (102) yields

(25 +2)|A| + (25 + 5)|B| — (5s +9) + 2

(35 +5)|B| — (5s + 9)

A+ B|> >|A
A+ Bl = s+ 2 4]+ s+ 2
The derivative with respect to s of the above expression is gﬂig)lg > 0, meaning the bound will

be minimized for the minimal value of s = d > 2, implying |A + B| > |A| + %\§| — 1 contrary
0 (21). So we may now assume there exists some v € [1, s] with Q, < |A]| — 2.
From (88), we have

|A+ B| > [A] + [B| = 2 + [Ao| + | Bo| + . (103)
Observe that vy € [1, s] must be distinct from the distinct indices «, 8 € [1,s] with €, > h{ (as
h§ < |Bi| — 2 from Claims 5 and 6), which implies that s > 3. In view of ., > hS, ho > h§ and
and (56) (applied with © = {«, 8}, so |©| = 2), we have hg + > € > h§ + (Qa + Q) + 2y >

=1

—25(|Ao| — 2h§ — 2) — 6 + h§. Applying this estimate in (89) yields

2
+ 65 — 12 25 — 8
A+ B2 AL+ (s + DIB| = =0+ 5ol = s|Bol + T—hS. (104)
-2 s—2 s—2
Using the estimate (51) in (91) and recalling that ¢t = s gives
[A+ Bl = (s + |A] + [B| = (s + 1) = (s + 1)[Ao| + 2| Bo| + hj. (105)

Averaging (s> — s — 4)s copies of the bound in (103) with s + s — 6 = (s — 2)(s + 3) copies of
the bound in (104) and (s — 1)s copies of the bound in (105) yields |A + B| being at least
(253 — 45 — 6)|A| + (25> + 252 — 10s — 6)|B| — (45> + 75> — 35 — 36) + (s> + 25% — Ts — 24)hS
s3+ 52 —4s—6
(35% + 52 — 105 — 6)|B| — (453 4 752 — 35 — 36) + (s° + 252 — Ts — 24)hS
s34+ 82 —4s—6 '
The coefficient of A in the numerator of (106) is non-negative for s > 3. Thus, using the estimate
he > 1 (from (100)), the bound in (106), for s = 4,5, becomes |A + B| > |A| + W and
|A+ B| > |A| + w, respectively, both of which contradict (21). It remains to consider
the case s =t = d = 3, for which (106) implies |A + B| > 2|A| + 2|B| — 7, which contradicts
(21) unless |A|, |B] < 7. From (100) and Claims 6 and 5, we see that 1 < h§ < |B;| — 2. Thus
|B1| > 3, whence (50) and (100) imply |Pg \ B| > h1 = 3h§ +2(|B1| — 1) > 7 > | B|, contrary to
(25) and (23), which completes the proof. O

> |A| + (106)

4. FURTHER COMMENTARY AND LOWER BOUND EXAMPLES

The examples below show that the bounds for |[P4\ A|, |P4a\ A|+|Pp\ B| and |P\ A|+|P\ B|
in Theorem 1.3 are all tight. What is not tight in Theorem 1.3 is the hypothesis |[A + B| <
|A| + 22| B| — 5, and we would expect the theorem to remain true under a weaker small sumset
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hypothesis, likely replacing % with something closer to 3. It is also plausible that the bound for
|Pg\ B| could be improved when r’ < r, as the examples below showing tightness for |Pg\ B| < r
all have r = r/.

Example 1. Let £ > 3 and r € [0,k — 3] be integers. Let
A= (Lk=2]x{0H)u({0,r+1} x{1}) and B=([0,k—3]x{0})U({0,7r+1} x {1}).

Then |A| = |B| = k, 6(A,B) = 0, P4y = ([1,k—2] x {0}) U ([0,r +1] x {1}), Pp =
([0,k = 3] x {0}) U ([0,7 + 1] x {1}), P =([0,k—2] x {0}) U ([0, + 1] x {1}) and |A+ B| =
|A| +2|B| —2+1r < |A| + 3|B| = 5. Also,

|[PA\ Al =|Pg\B|=r and |P\A|+|P\B|=2r+2=2r+2+|A|—|B],
showing tightness in the bounds from Theorem 1.3.
Example 2. Let a > b > 2 be even integers and let
A= ([0,a/2-1]x{0})U([0,a/2—1]x{1}) and B = ([0,b/2—1]x{0})U([0,b/2—1]x{1}).

Then |A| = a, |B| = b, 6(A,B) =0, PA= P = A, Pg = Band |A+B| = |A|+|B|+ 235 _1,

[Al=1B|
3

sor'=0and r = — 1. However,

[P\ A+ |P\ Bl = 4|~ |B| = 2r +2 = 2r + 2 ||4| - | BI| + ||Pa| - | Py|

)

showing the bound for |P\ A|+ |P \ B| can be tight and is not bounded as a function of r'.

Example 3. Let a > b+2 >4 and r € [a — b — 2,a — 3] be integers. Let
A= ([0,a=3]x{0})U({0,r+1} x{1}) and B=([0,b—2] x {0})U ({0} x {1}).

Then |A| = a, |B| = b, §(4,B) =0, Pa = ([0,a—3] x{0}) U ([0,r+1] x {1}), P =
([0,6—2] x {0}) U ({0} x {1}), and P = ([0,a — 3] x {0}) U ([0, 4 1] x {1}). Also,

2/Al +|B| -4 < |A+ B| =|A| +2|B| = 2 +r < 2|A[ + 2|B| - 5,

|Pe\ B| =0, |Ps4\A|=r  and

[P\ A|+|P\ B =27+ |A| - |B| <37 +2 = 2 + 2+ |Pa| - |Pg| - |4] - | B
Furthermore, choosing r = a — b — 2 = |A| — | B| — 2, the inequality above becomes an equality,

showing the bound 3r+2 can be tight in Theorem 1.3, and |Pg\ B|+|Pa\A| = |Pa\A| =r = 21/,
showing this bound to be tight as well.
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