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Abstract

Let G be a finite abelian group, and let n be a positive integer. From the Cauchy-
Davenport Theorem it follows that if G is a cyclic group of prime order, then any

collection of n subsets Ay, Ao, ..., A, of G satisfies

>
i=1

M. Kneser generalized the Cauchy-Davenport Theorem for any abelian group. In this

> minf{|G|, Y [Ai| —n+1}.
1=1

paper, we prove a sequence-partition analog of the Cauchy-Davenport Theorem along
the lines of Kneser’s Theorem. A particular case of our theorem was proved by J. E.

Olson in the context of the Erdés-Ginzburg-Ziv Theorem.
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1 Introduction and Main Result

Let (G, 4, 0) be an abelian group. If A, B C G, then their sumset, A 4+ B, is the set
of all possible pairwise sums, i.e. {a+b|a € A, b€ B}. Aset AC G is Hy-periodic,
if it is the union of H,-cosets for some subgroup H, of G (note this definition of periodic
differs slightly from the usual definition by allowing H, to be trivial). A set which is
maximally H,-periodic, with H, the trivial group, is aperiodic, and otherwise we refer to A
as nontrivially periodic. For notational convenience, we use ¢, : G — G/H, to denote the
natural homomorphism. If S is a sequence of elements from G, then an n-set partition of S is
a collection of n nonempty subsequences of S, pairwise disjoint as sequences, such that every
term of S belongs to exactly one of the subsequences, and the terms in each subsequence are
all distinct. Thus such subsequences can be considered as sets. Let A = (4,,..., A1) be an
n-set partition of a sequence S of elements from G whose sumset (i.e. the sumset of whose
terms) is H,-periodic. Let y € G/H,. If y € ¢4(A;) for all i, then y is an H,-nonexception,
and otherwise y is an H,-exception. If |, (y) N A;| > 2, then y is an H,-doubled element.
The number of y € G/H, that are H,-nonexceptions of A is denoted by N (A, H,). The
number of terms = of S such that ¢,(z) is an H,-exception of A is denoted by E(A, H,).
Finally, | S| denotes the cardinality of S, if S is a set, and the length of S, if S is a sequence.

We begin with the classical theorem of Kneser for sumsets [41, 42, 36, 40, 43].

Kneser’s Theorem. Let G be an abelian group, and let Ay, Ao, ..., A, be a collection of

n
finite subsets of G. If > A; is maximally H,-periodic, then
i=1

PACH)
=1

Observe that if A+ B is maximally H,-periodic and p = |A+ H,| — |A|+|B + H,| — | B|

> Z M’a(Az)’ —n+1
i=1

is the number of "holes’ in A and B, then Kneser’s Theorem implies |A + B| > |A| + |B| —

|H,| + p. Consequently, if either A or B contains a unique element from some H,-coset,



then |A+ B| > |A|+|B|—1. In the special case that |G| is prime, Kneser’s Theorem reduces
to the Cauchy-Davenport Theorem [25, 43].

Cauchy-Davenport Theorem. For positive integers n and p, let Ay, ..., Ay, C Zy. Ifp

s prime, then

> Ail zmin{p, Y |4 —n+1}.
i=1 i=1
The main result of this paper is the following, from which Corollary 1 will be derived.

Theorem 1. Let S be a finite sequence of elements from an abelian group G, let A =
(Apn, ..., A1) be an n-set partition of S, and let a; € A; fori € {1,...,n}. Then there exists
n n

an n-set partition A" = (Al,, ..., A}) of S with sumset H,-periodic, ZAi - ZA;, a; € Al

=1 =1
forie{l,...,n}, and

S
=1

Corollary 1. Let n be a positive integer, and let S be a sequence of elements from an

> (B(A' Ha) + (N(A', Hq) = 1)n+ 1) | Hg.

abelian group G of order m, such that |S| > n and every element of S appears at most n
times in S. Furthermore, let p be the smallest prime divisor of m. Then either:

(i) there exists an n-set partition (Ay, ..., A1) of S such that:

n

>4

i=1

>min{m, (n+1)p, |S|—n+1}, or

(i7) (a) there exists a € G and nontrivial proper H, < G, with |G : H,| = a, such
that all but at most a — 2 terms are from the coset o + H,, and (b) there exists an n-set
partition, (An,..., A1), of the subsequence of S consisting of all the terms that belong to
the coset o + Hg, such that

n
Z A; =na+ H,.
i=1



The meaning of Theorem 1 and Corollary 1 may not be clearly evident upon first reading,
so it is worthwhile to describe them in less rigorous language, including historical context.
In 1961, Erdos, Ginzburg, and Ziv proved that any sequence of 2m — 1 elements from an
abelian group of order m contains an m-term subsequence the sum of whose terms is zero (i.e.
contains an m-term zero-sum subsequence) [26]. If a sequence with elements from the cyclic
group Z,, consists entirely of 0's and 1’s, then its m-term monochromatic subsequences
correspond precisely with its m-term zero-sum subsequences. Hence the aforementioned
Erdés-Ginzburg-Ziv Theorem can thought of as a generalization of the pigeonhole principle
for m pigeons and 2 holes. The result led to the development of zero-sum Ramsey theory,
in much the same way as the pigeonhole principle lies at the base of the development
of ordinary Ramsey theory. Any Ramsey theory problem has a corresponding zero-sum
version obtained by replacing colorings using two colors with colorings using the elements
of Z,, and looking for zero-sum substructures rather than monochromatic ones. Through
a slightly more complicated way, Ramsey theory questions involving more than two colors
also have a corresponding zero-sum version [7, 34, 35]. If m is chosen to be the size of
the particular substructure in question, then the zero-sum Ramsey number always gives
an upper bound on the monochromatic Ramsey number, but, perhaps unexpectedly, the
two numbers were in many cases equal. Such problems are said to zero-sum generalize.
Examples of particular problems include [4, 5, 6, 7, 8, 9, 11, 15, 20, 21, 45] the most well
known of which is the zero-trees theorem [29, 46]. However, problems of this type proved to
be difficult. Modifying the condition so that m need only divide the size of the particular
substructure in question, leads to a different flavor of problem, for which more progress has
been accomplished [1, 12, 13, 14, 16, 17, 18, 19, 22, 23, 24, 38, 39, 45].

However, as plagues many areas of combinatorics and in particular additive number
theory, there are very few tools for tackling problems of these types that do not rely on m
being prime. Often the only hope for obtaining a composite result lies in finding a clever

argument to derive the composite cases from the prime via induction on the number of



prime factors. However, depending on the particular problem, this may be quite difficult
to accomplish. The Cauchy-Davenport Theorem is one tool that is sometimes effective
for dealing with a zero-sum question, but which is only valid for m prime. An equivalent
rephrasing of the Cauchy-Davenport Theorem is that the sumset of every n-set partition
of a subsequence S of elements from Z, contains at least min{p, |S| — n + 1} elements.
However, in many applications it is sufficient to know simply that there ezists some n-set
partition of S with this property.

Note that if either |S| < (n+1)p+n—1orn > % — 1 then the inequalities in
Corollary 1 reduce to the bound given in Cauchy-Davenport. Thus in loose terms, under
the previously stated conditions Corollary 1 says that the existence version of the Cauchy-
Davenport Theorem is valid for any G, not just Z,, except when S is essentially (i.e. with
very few exceptions) a sequence of terms from some smaller nontrivial subgroup translate
a+ H, of G with the existence result then holding modulo H,. But under these restrictive
conditions it follows, from the Erdds-Ginzburg-Ziv Theorem, that any subsequence of S with
length m+ “* + a — 3 must contain an m-term zero-sum subsequence. Since m+ = +a—3 <
L%mj —1, this is a often a sufficiently significant improvement over the Erdés-Ginzburg-Ziv
Theorem. We remark that the case |S| = 2m — 1 and n = m in Corollary 1 reduces to a
Theorem originally proven by Olson [44], whose result gave one of the first existence-type
lower bounds for an n-set partition. A related m-set partition theorem for products of two
primes was used by Furedi and Kleitman to estimate the number of zero-sum subsequences
[28].

However, in understanding how Corollary 1 can be applied to zero-sum questions, it is
best to refer to several examples. The following references also contain several theorems
that are often quite useful when used in conjunction with Corollary 1. Corollary 1 was
used to establish a four-color zero-sum generalization that was the next open case in a
conjecture of Bialostocki, Erdés, and Lefmann [7, 35]. Relaxing the structure from the

aforementioned problem, a zero-sum generalization was obtained, with the aid of the Olson



case of Corollary 1, for two, three, four and five colors [34]. In [33], the structure considered
by Bialostocki, Erdés, and Lefmann was generalized to a larger family, and Corollary 1 was
used to give linear bounds on the corresponding two color zero-sum Ramsey numbers, and
also, in one instance, to determine the zero-sum number exactly. Let g(m, k) denote the least
integer n such that any sequence of elements from Z,, with length n and & distinct residues
must contain an m-term zero-sum subsequence. The function g(m, k) was introduced by
Bialostocki and Lotspeich [10], and has been studied by several authors, [9, 27, 30, 31, 37].
The value of g(m, k) was known completely for k < 4, [10]. Using Corollary 1, g(m, k) was
completely determined for the case k = 5, [2]. Finally, Corollary 1 was also used to help
extend the Erdés-Ginzburg-Ziv Theorem from a single edge to a class of hypergraphs [3,
32].

The assertion of Theorem 1, which is the more general statement of the application
phrased Corollary 1, is quite natural. From Kneser’s Theorem we know that if a given n-set
partition A = (A,,..., A1) fails to satisfy the Cauchy-Davenport bound, then its sumset
must be nontrivially H,-periodic. If H, is maximal, then modulo H, the sumset of A is
aperiodic. Thus if in some set A; of A there are two elements from the same H,-coset, and
if there is some set A; of A that does not contain an element from this coset, then we know
that the bound given by Kneser’s Theorem on the cardinality of the sumset of A modulo
H, will increase by moving one of the two elements from A; to A;. It is natural to think the
sumset (not modulo H,) will likewise increase, and thus repeating this moving procedure
we should be able to attain the Cauchy-Davenport bound unless a small number of H,-
cosets contain most of the terms of S. Theorem 1 asserts that this is essentially true. The
Cauchy-Davenport bound asserts that each term of S partitioned by the n-set partition
A—minus one term per A; with j > 2 that instead transfers all elements in the sumset
JilAi to the sumset iAi—contributes at least one element to the sumset iAi. Theorem

i=1 i=1 i=1
1 says that there exists an n-set partition A of S with sumset H,-periodic such that, if we



equate all terms of S that both belong to the same H,-nonexception and are also contained
in the same set A;, then each resulting term of .S, minus one resulting term per A; with
j > 2, contributes at least one H,-coset to the sumset iAi. Hence only terms of S that
belong to an H,-nonexception will contribute to any deﬁlc:i‘t between the Cauchy-Davenport
bound and the actual cardinality of iAZ

We conclude the introduction Witz}iche following simple proposition needed for the proof

of Theorem 1 [Theorem 3.2, 40].

Proposition 1. If A and B are finite subsets of an abelian group, b € B, and A+ B #
A+ (B\{b}), then |A+ B| > |A| + |B| — 1.

2 Proof of Theorem 1

The proof of Theorem 1 is constructive in nature, and will be presented as a series
of lemmas. In what follows, S is a finite sequence of elements from an abelian group G,
and n is a fixed positive integer, and A = (4,,..., A1) is an n-set partition of S that by
contradiction does not satisfy Theorem 1. The proof makes use of an n-set partition that
satisfies a list of iterated extremal conditions that are rigorously described by the following

two lengthy definitions.

Definition 1. For a fixed integer r < n, an r-mazimal partition set of S, denoted by A, is
the set consisting of those ordered n-set partitions of S which can be constructed recursively
by the method described below. For the sake of clarity, in addition to A;, we introduce four

associated entities denoted by F;, Ty, G;, and Hy,,, for e =0,...,r — 1.

n n

Ao consists of all ordered n-set partitions, (Z,,...,Z1), of S such that > A; C Y Z; and
i=1 i=1

a; € Z; for i < n.



Fo= (A2 ..., AY) is a fixed element of Ag.

Ty is the subset of Ay consisting of all ordered n-set partitions, (Z,,...,Z1), for which
n

|>° Zi| is maximum.

i=1

Go = (BY,...,BY) is a fixed element of Y. Different choices of Gy may result in differ-

ent A,’s.

n
Hj,, is the maximal subgroup for which the sumset ZBZQ is periodic.
i=1

Suppose Aj_1, Fj_1 = (A%_l,...,A{_l), Y1, Gj—1 = (B%_l,...,B{_l), and Hy; have

been constructed; then we proceed as follows:

n . . |
Aj= {(Zn7 cos Z1) €Y1 | Yook (Zs)] is maximum subject to Y Z; = ZBZJ—I} '

i=1 P> z
Fi = (AZ“ . ,A{) is a fixed element of A;. Different choices of F; may result in differ-

ent A,’s.

Yi=4(Zn,....20) €A Z Z;| is maximum subject to qbkj(Ag) C ¢, (Zi) for all i
i=j+1

g; = (B%, .. .,B{) is a fixed element of T;. Different choices of G; may result in differ-
ent A,’s.

n .
Hy,. ., is the maximal subgroup for which the sumset ) Bf is periodic.

i=j+1

J+1



Definition 2. For a fixed integer p, where 0 < p < n—2, a p-factor form of S is an ordered
n-set partition of S, say F, = (Zp,...,Z1) = (Yn, ..., Yp41,X,, ..., X1), which satisfies:

n

(D) if 1 < j < p+1, then Y Z; is maximally Hy, -periodic with Hj, a proper nontriv-
i=j

ial subgroup—for simplicity we will sometimes denote k,1 by k;

) 1= 0n(Z0] 2| 3 mmwir¢k<xi>r—<p+1>+1;

i=p+1

n n
D [ > Yil< X [Yil=(n—p)+1;
i=p+1 i=p+1

(IV) each term Xj, for all i < p, contains an element mapped to an Hy,-exception;
(V) there exists a (p 4 1)-maximal partition set A 41 of S, such that F, € A 4.

If F, is an ordered n-set partition of S that satisfies (I), (IV) and (V), then it is called
a weak p-factor form. It should be noted that (I) easily implies that Hy, , < Hy, for

jed{l,...,p}

Lemma 1. If S has a weak p-factor form, F, = (Zp,...,Z1) = (Yo, ..., Y41, X,, ..., X1),
such that for some index q there exists x € Z,, where ¢y () is an Hy-doubled Hy-exception,
then g = p+1 and i Zi+ (Zy \ {z}) is not Hy-periodic.
zzgl

Proof. Since ¢i(z) is doubled, it follows that there are at least two elements of Z,
mapped by ¢ to ¢p(z). Hence w.lo.g. we may assume = # a,. Let | = min{p + 1, ¢}.
From the definition of an exception, it follows that there must exist a term D of F, such
that ¢x(x) ¢ ¢r(D). Suppose iZi + (Z4 \ {z}) is still Hg-periodic. Then by (I) and the

1=l

i7#q



n n

definition of a doubled element, it follows that > Z; = >~ Z; + (Z, \ {z}). Hence, since
i=l i=l
i#£q

x # aq, it follows that if we remove x from Z, and place it in D, we obtain a new ordered

n-set partition, say F, = (Z,...,Z}), of S such that

n n
ZZi C ZZZ/ for every j < p+ 1. (1)

=7 =7

Since ¢ (x) is doubled and since ¢ (z) ¢ ¢r(D), it follows that
Z \ox(Z)] > Z |Pr(Z:)]- (2)
i=1 i=1

By (V) and the definition of an r-maximal partition set, it follows that ), € A,y C Ty, for
every | < p. Hence in view of (1), since ¢y (x) is a doubled exception in F,, since Hj, < Hy,
for all 4, and since F}, € A, 41, it follows by a simple inductive argument passing from j to
j+ 1 where j = 0,...,p, that F; € T; and F,, € Aj;1. Consequently, F, € A, Since
Fj, € Apy1 and since Fy € A,y 1, from the definition of an r-maximal partition set it follows
that i|¢k(Zl’)| = i\d)k(Zm, contradicting (2). So iZi + (Z4 \ {z}) is not Hy-periodic.
i=1 i=1 Z;é
Hence it follows from (I) that ¢ > p + 1, whence [ = p + 1, completing the proof of Lemma
1.0J

Lemma 2. If S has a weak p-factor form F, = (Zy,...,Z1) = (Yo, ..., Y11, X,, ..., X1),
which satisfies (111), and for which for some index q there exists x € Z,, where ¢i(x) is an

Hy-doubled Hy-exception, then | Y| < Y |Yi|—(n—p—1)+1.
i#q i#q

Proof. From Lemma 1, Proposition 1 and (I), it follows that ¢ > p+ 1 and
D Vit Yy > [ Vil + Yy - 1. (3)
i#q i#q
n n
If the conclusion of the lemma is false, then (3) implies | > Y;| > > |V;|—(n—p)+1,

i=p+1 i=p+1
contradicting (III).0]

10



Lemma 3. If S has a weak p-factor form F, = (Zy,...,Z1) = (Yo, ..., Y11, X,, ..., X1),
which satisfies (I11), then F, is a p-factor form.

Proof. Note that we need only show that (IIT) holds. From Lemma 1 it follows that
there cannot exist a term X, of F,, where r < p, such that ¢(X,) contains an Hj-doubled
Hj-exception. Hence, since Hy < Hy; for all j, then from (IV) it follows that each term
X, with r < p contains a unique element from some Hy-coset. Thus, if (III) does not hold,
then it follows from (I) and (II) that Theorem 1 holds with the trivial group, contrary to

assumption.[]

Lemma 4. If S has a weak p-factor form F, = (Zy,,...,Z1) = (Yo, ..., Y41, X,, ..., X1),

then F, is a p-factor form.

Proof. From Lemma 3 we see it suffices to show that (II) holds. To this end, note
that it suffices to show
1Y ou(Zi) + (X)) = 1Y ou(Zi)| + ow(X;)| — 1, for all j < p. (4)
i=j+1 i=j+1
Let j < p be arbitrary. From (IV) it follows that there exists x € X; such that ¢ (z) is

an Hy;-exception. Suppose ¢, (2) is Hy,-doubled. Then w.lo.g. = # a;. If 3~ lqbk(Zi) +
i=j+
or(X;) # i o1(Z;) + (01 (X;) \ {@r(x)}), then (4) follows from Proposition 1. Otherwise,
it follows thja—;lwe can remove = from X; and place it in some term D with ¢y (z) ¢ D,
yielding a contradiction by the arguments used in the proof of Lemma 1. So we may
assume ¢, (v) is not Hy -doubled. Hence it follows that ¢y (z) is the only element from
its Hy,/Hy-coset in ¢y (X;). From (I) it follows that Zn: ok(Zi) + ¢ (X;) is maximally
Hy,, / Hg-periodic. Hence (4) follows from Kneser’s Thecz)jéjrtlland the conclusions of the last

two sentences.[]

Lemma 5. If S has a p-factor form F, = (Zy,...,Z1) = (Yn,..., Y41, X,, ..., X1), then
S has a (p+ 1)-factor form.

11



Proof. From Lemma 4 it suffices to show S has a weak (p + 1)-factor form. Since
Theorem 1 does not hold with Hy, it follows from (II), (I) and Kneser’s Theorem that there
is an Hp-doubled Hy-exception. However, by Lemma 1 it follows that no term Z; with ¢ < p
can contain an element mapped to an Hi-doubled Hp-exception. Hence, there exists a term
Y,, such that ¢4 (Y,) contains an Hy-doubled Hj-exception. Since the order of terms Y; for

i > p is inconsequential, we may assume w.l.o.g. that ¢ = p+ 1. Define T,;1 to be

n
)i def (Z,,....21) € Npy1 | Z Z!| is maximum subject to ¢x(Z;) C ¢pp(Z]) for all i » |
i=p+2
and let
Fy=(Zpy, - Z1) = (Y, Y00, X, X)),

be an arbitrarily chosen element of Y,1;. Note that since (V) implies F), € A1, and since
F), € Apya, it follows that (I), (IV) and (V) hold for F}. Hence by Lemma 4 it follows that
F is a p-factor form.

Next we will show the inequality

I V< > Y-(n—p-1)+1. (5)

i=p+2 i=p+2
From the definitions of A,41 and Y,1; it follows that ¢x(Z;) = ¢x(Z]) for all i. Hence,
since ¢r(Zp4+1) contained an Hj-exception, it follows that qﬁk(Z/’) 1) still contains an Hy-
exception, say ¢y(x) where x € Z;+1. If ¢r(x) is Hp-doubled, then Lemma 2 implies (5).
Hence we may assume that z is the unique element from its Hg-coset in Z;, +1- Thus from
(I) and Kneser’s Theorem, it follows that | f: Y|z En: Y/| 4+ 1Y, 1] — 1. Hence, if (5)
does not hold, then from (I), (II) and (IV)l,: ipt+%ollows, 1;0 JlrtQ did in the proof of Lemma 3,
that Theorem 1 holds with the trivial group, contrary to assumption. So (5) does hold as
desired. Consequently, p + 1 < n — 2. Furthermore, by Kneser’s Theorem it follows from
(5) that i Y/ is maximally Hy,,,-periodic, with Hj ., a proper nontrivial subgroup.

i=p+2

12



We can further assume w.l.o.g. that we chose F so that Z|¢k: )| is maximum with

pra(Z

respect to all (Z),...,2Z)) € Y,41 with Z z! = Z Z!. Thus the n-set partition
1=p+2 1=p+2
Y, v ., ... ,Y/;Jrg, Zy1, X, ..., X7) satisfies all conditions for a weak (p + 1)-factor form
Proof Theorem 1. Let A’ = (A’ ..., A}) be an n-set partition of S whose sumset
has maximal cardinality subject to ZA - ZA’ and a; € A} for i < n. Since we have
=1 =1
assumed Theorem 1 does not hold for A, it follows that (III) holds with p = 0. Hence
from Kneser’s Theorem it follows that ZA; is maximally Hy,-periodic with Hj, a proper
i=1
nontrivial subgroup. Thus the set partition A’ satisfies (I), (II), (IIT) and (IV) for p = 0, and

n
we may assume that A’ has been chosen such that > |¢g, (A})] is maximum over all n-set
i=1

partitions (Zy, ..., Z1) of S with ZZ = ZA’ and a; € A} for all . Thus the sequence S
has a 0-factor form given by the nzselt partlztl(l)n A’. Let v be the maximum integer for which
S has a y-factor form; it follows that ~ exists, since p is bounded from above by n — 2 from
the definition of a p-factor form. Now it follows from Lemma 5 that S has a (v + 1)-factor
form, contradicting the maximality of ~.[]

Proof Corollary 1. We use induction on |S|. Since |S| > n by hypothesis, the base
case is |S| = n; and it is trivially seen to satisfy (). Assume that Corollary 1 holds for
all sequences S” with |S’| < |S|. Note that the conditions of the hypothesis imply that
S has an n-set partition A. Applying Theorem 1 to A yields (i) unless N(A, H,) = 1
r1 = E(A,H,) < a—2 and (ii)(a) holds with H,, where [G : H,] = a. Furthermore,
Theorem 1 and N (A, H,) =1 imply (i7)(b) unless r; > 0. Hence,

2%+n_1gwq<5L (6)

where S’ is the subsequence of S consisting of all terms mapped to the H,-nonexception,
as otherwise Theorem 1 implies (7). Let a be an arbitrary element of S’, and let S” be

the sequence obtained by adding —a to every term of S’. Since the terms of S” belong to

13



H,, and since |S”| < |S| by (6), it follows from the induction hypothesis that we can apply
Corollary 1 to S”, yielding either (i) or (i).

If (i) holds for S”, then it is easy to induce an n-set partition A,,...,A; of S' with
\Zn:lAZ\ > min{™, (n+ 1)p/, |S’| = n + 1}, where p’ is the smallest prime divisor of 2. We
i=

a’
n
consider two subcases. (a) If |>° A;] > min{’Z, |S’| — n + 1}, then (6) implies that (ii)(b)
i=1

holds with the subgroup H,, and the proof is complete. (b) If \}n:AZ| > (n+1)p/, then we
i=1

will induce an n-set partition of S whose sumset contains iAZ Let T be the subsequence

of S obtained by deleting all terms of S’ from S. Since T isz:alsubsequence of S, and since S

has a m-set partition, it follows that 7" has an n’-set partition By,..., B, for some n’ < n.

By the definition of S’ it follows that no term of 7" appears in S’, and hence the collection

of sets C;, for : = 1,...,n, given by C; = A; U B;, where B; = () for i« > n/, is an n-set

n
partition of S. Since A; C C; for all i, and since p’ > p, and since |>A4;| > (n + 1)p/, it
i=1

n
follows that |>_C;| > (n+ 1)p, yielding (i).
i=1
So we may assume (i7) holds for S” with corresponding subgroup, say Hy,, where
[H, : Hy,] = k. Hence there are ro terms of S’ mapped to Hy,-exceptions, where ro

satisfies

ro <k —2 (7)
Since r1, r9 > 0, it follows that
(ro+2)(r1+1) > (ri +ra+1).
Hence by (7) it follows that
k(r + 1)% > (ri+ro+ 1)%
Note that from the conclusion of Theorem 1 it follows that

(r1 + 1)% < min{m, (n+1)p, |S| —n+ 1},

14



or else (i) holds, and consequently it follows from (8) that
m .
(r1+7re + 1)% < min{m, (n+ 1)p, |S| —n+ 1}.

Thus (74)(a) holds for S with Hy,. Since (i7)(b) holds for S’ with Hy,, it follows that (ii)(b)

holds for S with Hy,. Thus (iz) holds for S, and the proof is complete.[]
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