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ABSTRACT. We show that for positive integer r, every minimal 1-saturating set in
PG(r—1,2) of size at least % 2" 4+ 3 can be obtained by adding the point at infinity
to a complete cap, translating the resulting set by its element, and removing the
infinite point from the translate. Stated algebraically: if G is an elementary abelian
2-group, and a set A C G\ {0} with |[A| > 3 |G| + 3 satisfies AU2A4 = G and is
minimal subject to this condition, then there are a maximal sum-free set S C G
and an element s € S U {0} so that A = (s + (SU{0})) \ {0}.

Our approach is based on characterizing those sets A in elementary abelian 2-
groups such that for every proper subset B of A, the sumset 2B is a proper subset
of the sumset 2A.

1. SATURATING SETS AND CAPS. THE MAIN RESULT.

Let » > 1 be an integer, ¢ a prime power, and A C PG(r — 1,¢q) a set in the
(r — 1)-dimensional projective space over the g-element field F,. Given an integer
p > 1, one says that A is p-saturating if every point of PG(r — 1,¢) belongs to the
subspace, generated by p + 1 points of A. Furthermore, A is said to be a cap if no
three points of A are collinear; a cap is complete if it is not properly contained in
another cap. Since the properties of being p-saturating and that of being a cap are
monotonic, of particular interest are minimal p-saturating sets and complete caps.

In this paper we are concerned exclusively with the case ¢ =2 and p = 1. A large
random set in PG(r — 1,2) is 1-saturating with very high probability, but the proba-
bility that it is minimal 1-saturating is extremely low; thus, one can expect that large
minimal 1-saturating sets are well-structured and can be explicitly described. A sim-
ilar heuristic applies to large complete caps and indeed, a classical result of Davydov
and Tombak [DT89] establishes the structure of complete caps of size, larger than
272 + 1. Classifying large 1-saturating sets in PG(r — 1, 2) seems to be considerably
subtler, which is only natural bearing in mind that complete caps can be character-
ized as those l-saturating sets, possessing the extra property of having no internal
lines (as will be explained shortly).

Below we use the language of abelian groups, rather than projective geometries.
Accordingly, denoting by Fj the elementary abelian 2-group of rank r > 1 and writing

2A:={a; +az: a1,a3 € A}; A CTy,
1
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we interpret 1-saturating sets in PG(r — 1, 2) as those subsets A C F} \ {0} with the
property that A U2A = Fj. Similarly, caps in PG(r — 1,2) are understood as sets
A C TF} with AN2A = &, such sets are customarily referred to as sum-free. Complete
caps are thus identified with maximal (by inclusion) sum-free sets.

It is well known and easy to see that a sum-free set A C [} is maximal if and
only if the sets A and 2A partition F%; that is, in addition to being disjoint, satisfy
AU2A = F;. Consequently, any maximal sum-free set is minimal 1-saturating.
Beyond this simple observation, the only general result which seems to be known
about minimal 1-saturating sets in F} is established in [DMPO03]; it asserts that the
largest possible size of such a set is 2"~!, examples being furnished by the following
two constructions:

(i) if H < F} is an index-2 subgroup and g € Fj \ H, then g + H is minimal
1-saturating;
(ii) with H and g as in (i), the set {g} U (H \ {0}) is minimal 1-saturating.

An extension of construction (i) has just been mentioned: any maximal sum-free
set is minimal 1-saturating. Construction (ii) can be extended by observing that if S
is maximal sum-free and s € S, then A := {s}U((S+5)\{0}) is minimal 1-saturating;
for in this case

AU24 =2(AU{0}) =2(s+ (SU{0})) =2(SU{0}) = SU25 =Ty,

and this computation also shows that for any proper subset B C A we have 2B # 5.

Indeed, a common description can be given to these two extensions: namely, if
S C Fj is maximal sum-free and s € S U {0}, then 4 := (s + (SU{0})) \ {0} is
minimal 1-saturating. In this paper we classify completely minimal 1-saturating sets
in 7 of size at least % 2" 4+ 3, showing that they all are of this form.

Theorem 1. Let r > 1 be an integer. A set A C F5\ {0} with |A] > 27 + 3 is
manimal 1-saturating iof and only if there are a maximal sum-free set S C [}, and an

element s € SU{0} such that A= (s+ (SU{0})) \ {0}.

We notice that Theorem 1 provides a comprehensive characterization of large min-
imal 1-saturating sets, as the structure of large maximal sum-free sets is known due
to the result of Davydov and Tombak, mentioned at the beginning of this section. In
particular, every maximal sum-free set in F% of size larger than 92775 is known either
to be the non-zero coset of an index-2 subgroup, or to have the form B + H, where
H < T is a subgroup of index 16, and B C FJ is a set of five elements, adding up to
0 and such that F}, = (B) @ H. (Here and below in the paper, for a set B of group
elements, by (B) we denote the subgroup, generated by B. Furthermore, given yet
another subset C' of the same group, we write B+C := {b+c: b€ B, ¢ € C}. The set
B+ C is commonly referred to as the sumset of B and C. Notice, that B+ B = 2B.)
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We conjecture that the density assumption of Theorem 1 can actually be relaxed
to |A| > 2772 + 2. If true, this is best possible.

Example 1. Given an integer r > 4, fix elements ey, e5 € I} and an index-4 subgroup
H < F with Fy, = (e1,e2) @ H, and let A := ({e1,e2) U H) \ {0}. Straightforward
verification shows that A is minimal 1-saturating. Next, if A = (s+(SU{0}))\{0} for
asubset S C F5\{0} and an element s € SU{0}, then SU{0} = s+({e1, e2)UH ). Since
this set contains 0, we have s € (e1,es) U H. If s € H, then S contains all non-zero
elements of H, and so it is not sum-free. If s = ey, then S = {e, ea,e1+e2}U(e1+ H)
is evidently not sum-free, and similarly it is not sum-free if s = ey or s = e; + es.
Thus, A cannot be represented as in Theorem 1.

More generally, if F' and H are non-trivial subgroups of F, with F}, = F @& H,
then the set (FFU H) \ {0} is minimal 1-saturating, but cannot be represented as in
Theorem 1.

2. ROUND SETS AND THE UNIQUE REPRESENTATION (GRAPH.

In a paradoxical way, for a minimal 1-saturating set minimality seems to be more
important than saturation. This idea is captured in the notion of a round set, intro-
duced in the present section. We also bring into consideration unique representation
graphs, which are of fundamental importance for our argument, and establish some
basic properties of round sets and unique representation graphs. Finally, we state a
structure theorem for round set (Theorem 2 below), and show that it implies Theo-
rem 1.

The remainder of the paper is structured as follows. Important auxiliary results
are gathered in Section 3. In Section 4 we prove a “light version” of Theorem 1, with
the assumption on the size of A strengthened to |A| > %27" + 2; besides supplying
a proof of Theorem 1 for small dimensions (r = 4 and r = 5), it serves a simplified
model of our method, keeping many of the major ideas while avoiding most of the
technicalities. Sections 5-7 are devoted to the proof of Theorem 2: in Section 5 the
problem is reduced to the case where the unique representation graph is known to
have at least two isolated edges, Sections 6 and 7 present a treatment of this case.

Let » > 1 be an integer. We say that a set A C Fj is round if for every proper
subset B C A, we have 2B # 2A; that is, for every a € A there exists a’ € A such
that a + @’ has a unique (up to the order of summands) representation as a sum of
two elements of A.

It is immediate from the definition that a set A C F7} is minimal 1-saturating if
and only if it satisfies 2(A U {0}) = F} and is minimal subject to this condition. The
following simple lemma takes this observation a little bit further.
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Lemma 1. Let r > 1 be an integer. If A C F} is minimal 1-saturating, then either
A, or AUA{0} is round.

Remark. As it is easy to derive from Theorem 1, if A C F7 is a large minimal 1-
saturating set, then, indeed, A U {0} is round.

Proof of Lemma 1. Suppose that A C F% is minimal 1-saturating. If A U {0} is not
round, then there exists ag € AU{0} such that 2((AU{0})\{ao}) = 2(AU{0}) = F%.
Since ag € A would contradict minimality of A, we actually have ag = 0, whence 2A =
F%. Now if also A is not round, then there exists a € A with 2(A\ {a}) = 24 = F%.
This yields 2((A4\ {a}) U {0}) = F% which, again, contradicts minimality of A. O

Lemma 1 allows us to concentrate on studying large round sets instead of large 1-
saturating sets; indeed, we will hardly recur to 1-saturating sets from now on, except
for the deduction of Theorem 1 from Theorem 2 below.

We observe that if S C F7 is sum-free, then 0 ¢ S and for each g € F%, the set
g+ (SU{0}) is round. To verify this we can assume g = 0 (as roundness is translation
invariant) and notice that, fixing arbitrarily so € S and letting Sy := S\ {so}, we
have s ¢ 2S5 and s ¢ 2(SoU{0}), whereas so € 2(SU{0}). In the heart of our paper
is the following theorem, showing that, in fact, any large round set has the structure
just described.

Theorem 2. Let r > 1 be an integer and suppose that A C F% is round. If |A| >
%T + 3, then there is a sum-free set S C Fi and an element g € 5 such that
A=g+(Su{0}).

We now turn to the notion of a unique representation graph. Given an integer
r > 1and a set A C [F}, we define D(A) to be the set of all those elements of Ff, with
a unique, up to the order of summands, representation as a sum of two elements of
A. By I'(A) we denote the graph on the vertex set A in which two vertices a1,as € A
are adjacent whenever a; + ay € D(A); if |A| > 1, then I'(A) is a simple, loopless
graph (as all graphs below are tacitly assumed to be). We call I'(A) the wunique
representation graph of A. Notice that the number of edges of I'(A) is |D(A)|, and
that for any g € F}, we have D(A+ g) = D(A), while I'(g + A) is obtained from I'(A)
by re-labeling the vertices.

Evidently, a set A C F} with |A| > 2 is round if and only if T'(A) has no isolated
vertices. Another indication of the importance of unique representation graphs is
given by the following lemma.

Lemma 2. Let r > 1 be an integer and suppose that A C FY satisfies |A| > 2 and
g € F5. For I'(A) to have a spanning star with the center at g it is necessary and
sufficient that A = g+ (SU{0}), where S C F} is sum-free.
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Proof. 1f g ¢ A, then g isnot a vertex of I'(A) and A # g+(SU{0}); thus, the assertion
is immediate in this case. If g € A, set S := (A+g) \ {0}, so that A =g+ (SU{0}).
The graph I'(A) has a spanning star with the center at g if and only if for every s € S
we have g+ (g +s) € D(A); that is, g+ (g +s) # (g + 51) + (9 + 52) with 51,52 € S.
This is equivalent to S being sum-free. 0J

By Lemma 2, to prove Theorem 2 it suffices to show that if A C [} is a large round
set, then I'(A) contains a spanning star. The following basic result shows that for the
unique representation graph of a large set, containing a spanning star is equivalent
to being a star.

Proposition 1. Let r > 1 be an integer and suppose that A C Fy. If |A] > 2772 4 3,
then D(A) is sum-free and consequently, I'(A) is triangle-free.

Proof. Fix two distinct elements dy,dy € D(A) and consider the subgroup H :=
(dy,ds), generated by d; and ds.

Suppose, to begin with, that the edges of I'(A), corresponding to d; and ds, are
incident; that is, there are a,b;,by € A such that d; = a 4+ b; and dy = a + bs.
It is easy to see that the coset a + H contains exactly three elements of A, while
every other coset of H contains at most two elements of A. Thus, the assumption
|A] > 2772 + 3 implies that there is a coset, containing exactly two elements of A.
These two elements cannot differ by d; or dsy; therefore they differ by d; 4 ds, yielding
a representation of d; + dy as a sum of two elements of A. Another representation is
di +dy = by + b, and the existence of two representations shows that d; +ds ¢ D(A).

Assuming now that the edges of I'(A), corresponding d; and ds, are not incident,
find aq, as,b1,by € A such that d; = a; + by and dy = as + by. There are two cosets
of H, intersecting the set {a1,as,b1,b2}; each of these cosets contains exactly two
elements of A, and every other coset of H contains at most two elements of A. The
assumption |A| > 2772 + 3 implies that there are at least two cosets, disjoint with
{a1,as2,b1,by} and containing two elements of A. This yields two representations of
di + ds leading, as above, to the conclusion d; + dy ¢ D(A).

The second assertion of the proposition is now almost immediate: if a;, as,a3 € A
were inducing a triangle in I'(A), then d; := a1 + ag, d3 := as + a3, and d3 := a3 + a4
would be elements of D(A) with dy + dy = d3. O

Remark. Examining carefully the proof of Proposition 1, one readily discovers that
already the weaker assumption |A| > 2”72 + 2 suffices to ensure that I'(A4) is triangle-
free. This bound is sharp: with e, ey, H, and A as in Example 1, the vertices ey, s,
and e; + ey of I'(A) induce a triangle.
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Given a set A C 5, for each a € A by deg(a) we denote the degree of the vertex
a in I'(A). Yet another fundamental property of the unique representation graph is
established by

Proposition 2. Let r > 1 be an integer and suppose that A C T} satisfies |A| >
224+ 3. If (a1, az) is an edge in T'(A), then

deg(a1) + deg(ag) > |A| + |D(A)| — 27 1.
We present two different proofs.

First proof of Proposition 2. Let A" denote the set of those elements of A, neighboring
neither ay, nor ay in I'(A); thus, |A’| = |A|—deg(a;) —deg(az) by Proposition 1. Then
the sets

a1+ A, as+ A, D(A), and a; + as + D(A)

are easily seen to be pairwise disjoint, the fact that the last two are disjoint following
from Proposition 1. Hence

2 > 2 A'| +2[D(A)] = 2(|A] + [D(A)] — deg(ar) — deg(az)).
OJ

Second proof of Proposition 2. Since the set D(A) is sum-free by Proposition 1, it
contains at most one element from each coset of the two-element subgroup (a; + as).
On the other hand, D(A) has exactly deg(ay)+ deg(as) — 2 elements in common with
the set {ai,as} + A\ {a1, a2}, the size of which is 2(|A| — 2|), and which is a union
of cosets of (a; + ay). It follows that

ID(A)] < (de(a) + dea(a) — 2) + 5 (27~ 2(14] - 2))
= deg(ay) + deg(ay) + 21 — |A|.
0

We conclude this section deducing Theorem 1 from Theorem 2. To this end, we
first derive from Proposition 1 an interesting property of sum-free sets. Thinking
projectively, if A is a large cap in PG(r — 1,2) and the point p lies on the line,
determined by a pair of points in A\ {p}, then in fact there are many pairs of points
in A\ {p} determining a line through p.

Corollary 1. Let r > 1 be an integer and suppose that S C i is sum-free. If
|S| > 2772 + K with an integer K, then every element of the sumset 25 has at least K
representations as a sum of two elements of S (such that none of these representations
can be obtained from another one by permuting the summands).
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Proof. For k < 1 there is nothing to prove. Assuming that x > 2 and that an element
¢ € 25 has with fewer, than x representations as a sum of two elements from S, we find
a subset Sy C S with |Sy| > |S| — (k — 2) such that ¢ has exactly one representation
as a sum of two elements of Sj.

Let A := SoU{0}. If |S| > 2" 2+ K, then |A] > 2" 2+ 3 and in view of Sy C D(A),
applying Proposition 1 we get (25p) N D(A) = @. Thus, every element of 25, has
at least two representations as a sum of two elements from A, therefore at least two
representations as a sum of two elements from Sy, contradicting the choice of Sy. [

Deduction of Theorem 1 from Theorem 2. As we have already observed, if S C [} is
maximal sum-free and s € S U {0}, then the set (s + (S U{0})) \ {0} is minimal
1-saturating. Suppose now that r > 1 is an integer and A C F7 is a minimal 1-
saturating set with |A| > 3£ 2" + 3. By Lemma 1, either AU {0}, or A is round, and
we show that in the former case A is of the form required, while the latter case cannot
occur.

If AU {0} is round, then by Theorem 2 there exist a sum-free set S C [} and an
element g € F} such that AU{0} = g+ (SU{0}). From 0 € g+ (SU{0}) it follows
that g € SU{0}, and F, = 2(AU{0}) = 2(SU{0}) = S U2S implies that S is
maximal sum-free, proving the assertion in this case.

Suppose now that A is round, so that by Theorem 2 there exist a sum-free set
S C IFj and an element g € F} with A = g+ (SU{0}). Without loss of generality we
assume that AU{0} = g+ (SU{0,g}) is not round, whence SU {g} is not sum-free;
that is, g € 25 and we write g = s; + S with s1,82 € S. Notice, that 0 ¢ A yields
s1 # sg and that 2A = SU2S and

AU2A=SU(g+ S)U28S.

Let S;:= S\ {s1} and A; := g+ (S; U{0}). Since |S| = |A] —1 > 2"2+2, by
Corollary 1 (applied with k = 2) we have 25; = 2S. It follows that

On the other hand, s, s € S;U (g + S1) implies S;U (g +S1) = SU(g+ S) and thus
A1 U2A; = AU2A, contradicting minimality of A. 0J

3. NOTATION AND AUXILIARY RESULTS.

In this section we deviate slightly from the flow of the proof to introduce some
important notation and results, preparing the ground for the rest of the argument.

Given a subgroup H of an abelian group G, by ¢y we denote the canonical homo-
morphism from G onto the quotient group G/H.
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For a subset B of an abelian group G, the (maximal) period of B will be denoted
by 7(B); recall that this is the subgroup of G' defined by
n(B):={g€ G: B+g= B},

and that B is called periodic if m(B) # {0} and aperiodic otherwise. Thus, B is a
union of 7(B)-cosets, and 7(B) lies above every subgroup H < G such that B is a
union of H-cosets. Observe also that w(B) = G if and only if either B = @ or B = G,
and that r(p)(B) is an aperiodic subset of the group G/m(B).

Theorem 3 (Kneser, [Kn53, Knb5]; see also [Mn76]). Let B and C be finite, non-
empty subsets of an abelian group G. If
[B+C|<|B[+|C] -1,
then, letting H := w(B + C), we have
B+ C|=|B+H|+|C+H|-|H|
Corollary 2. Letr > 1 be an integer and suppose that the sets B,C C F} are disjoint
and non-empty. If |B| + |C] > 2", then BUC' is not disjoint with B+ C'.

Remark. If the elements ey, e; € [}, and the subgroup H < [, of index 4 are so chosen
that F} = (eq, es) @ H, then the sets B := ey + H and C := ey + H are disjoint, and
so are their union BUC = {ejy, ea} + H and their sumset B+ C = e; + ey + H; at the
same time, |B| + |C| = 277!, This shows that the bound 27! of Corollary 2 is sharp.

Proof of Corollary 2. We use induction by r. The case r = 1 is immediate, and we
assume that r > 2. Assuming, furthermore, that B U C' and B + C' are disjoint,
whereas |B| + |C] > 2", we derive

|IB+C|<2"—|B|—|C|<|B|+|C] - 1.
Set H := n(B + C). By Theorem 3, the subgroup H is non-trivial and
(B+H)\B|+[(C+H)\C|=|B+C|—[B|—|C|+|H| < |H] -1

The left-hand side can be interpreted as the total number of “H-gaps” in B and C,
showing that B+ H and C'+ H are disjoint. Evidently, these two sets are also disjoint
with B + C. Consequently, ¢y (B) and ¢y (C) are disjoint, non-empty subsets of the
group F5/H, and pu(B)Upy(C) is disjoint with ¢ (B)+¢u(C) = oy (B+C'). This
contradicts the induction hypothesis in view of

lou(B)| +1on(C)] = (1B + H| +|C + H|)/|H|
> (1Bl +|C)/[H| > 2" /|H| = % |5/ H|.
O
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k
For integer k and subsets B and C of an additively written group, let B + C' denote
the set of all those group elements with at least k representations as b+ c with b € B

1
and ¢ € ('; thus, for instance, B + C' = B + C'. We need a corollary of the following
theorem, which is (a refinement of) a particular case of the main result of [G].

Theorem 4 (Grynkiewicz, [G, Theorem 1.2]). Let G be an abelian group and suppose
that B,C C G are finite and satisfy min{|B|, |C|} > 2. Then either

1 2

B+ C|+|B + C| > 2|B| +2|C| — 4,

or there exist subsets B’ C B and C" C C with

l:=|B\B|+|C\C'<1,

2 2

B'+C'=B+C'=B+C,

and
1 2
|IB+C|+|B+C|>2|B|+2|C|—2—-1)(H|—p)—2
> 2|B| +2|C| - 2|H|,

whereH:W(B—?—C’) and p=|(B'+ H)\ B'|+ |(C"+ H) \ C'|.

(For our present purposes, the reader can completely ignore the definitions of H
and p in the statement of the theorem and the part of the conclusion, involving these
quantities.)

Corollary 3. If G is a finite abelian group and B,C C G satisfy min{|B|,|C|} > 2,
then )
|B + C| > min{2|B| +2|C| — 4 — |G|, |B| — 1}.

1 2 2
Proof. 1f |B + C|+ |B + C| > 2|B| 4+ 2|C| — 4, then |B + C| > 2|B| + 2|C| — 4 — |G|
follows trivially. Otherwise we apply Theorem 4 to find B’ C B and ¢’ C (| satisfying
2 2
|IB\B'|+|C\C'|<1land B+ C'"=B"+C"= B+ C. Now
2
BYC| =B+ > B> B -1
OJ

Finally, we prove several simple graph-theoretic lemmas and apply them to the
unique representation graph.
Recall, that the matching number of a graph is the largest size of its matching.

Lemma 3. Let (V, E) be a triangle-free graph without isolated vertices, such that the
matching number of (V, E) does not exceed 2. If |V| > 6, then (V, E) is either a star,
or a union of two stars, possibly with an edge between their centers. More precisely,
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there is a partition V = {vy, 0o} UVo UV U Va such that E consists of all pairs (vy,v)
with v € Vo UV, all pairs (vq,v) with v € Vo U Vs, and, possibly, the pair (vq,vs).

Proof. We notice that (V, E) does not contain a pentagon: for otherwise one could
construct a matching of size 3 using the edges of the pentagon and an edge, incident
with a vertex outside the pentagon. Furthermore, (V, E) does not contain cycles of
length 6 or more. Consequently, (V, E') contains no odd cycles; hence it is bipartite.

By Konig’s theorem, (V) E) has a vertex cover of size at most 2. Now if {v} is a
vertex cover, then (V) F) is a star with the center at v, and if {vy, vy} with vy # vy is a
vertex cover, then the assertion follows by letting V; be the set of common neighbors
of v; and vy, and for ¢ € {1,2} defining V; to be the set of all neighbors of v; in
VA (Vo U A{vr,va}). O

Lemma 4. Let § > 1 be an integer, and suppose that (V, E) is a graph such that for
every edge (vi,v2) € E holds deg(vy) +deg(va) > d. If (V, E) has no isolated vertices,
then |[E| > (1 —671)|V].

Remark. Equality is attained if (V, E) is a disjoint union of d-vertex stars.

Proof of Lemma 4. For 6 < 2 the assertion is immediate. Assume therefore that
d > 3 and for each j € [1,0 — 2] let V; := {v € V: deg(v) = j}; also, let V :=
{v € V: deg(v) > 0 — 1}, so that V is the disjoint union of Vi,..., Vs 5, and V,.
Evidently, we have

;deg(v):jl‘/}l; jeL,6-2 (1)
and ]

EZV deg(v) > (6 — 1)|V4 . 2)
Also, +

Z deg(v) > |V4], (3)

veVL

as every vertex from V] is adjacent to a vertex from V. Taking the sum of inequality
(2) with weight 267!, inequality (3) with weight 1 — 257!, and equations (1) with
weight 1 for each j € [1,0 — 2], we get

6—2
21E| = deg(v) > (225" [Va| + D _jIVil + (2= 267 )[Vi| = (2 - 2671 |V].
veV j=2
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Applying Lemma 4 with 6 = 2 to the unique representation graph of a round set,
we get

Corollary 4. Ifr > 1 is an integer and A C F} is a round set, then |D(A)| > 1|Al.

Lemma 5. Let t be the matching number of a graph (V, E). If (V, E) does not have
1solated vertices, then
V| < |E] +t.

Proof. If T is a matching with ¢ = |T|, then (V, E) has |V| — 2t vertices, not incident
with the edges of T. Each of these vertices is incident with an edge from E \ T,
without two vertices sharing an edge. Consequently,

|E|=|T|+|E\T|>t+ (|[V|-2t) = |V]|—t.
O

Since the matching number of a graph does not exceed the number of its edges, the
following corollary strengthens Corollary 4.

Corollary 5. If r > 1 is an integer and A C F} is a round set, then |A| < |D(A)|+t,
where t is the matching number of I'(A).

4. A “LIGHT VERSION” OF THEOREM 1.
In this section we combine the tools, developed so far, to prove

Theorem 1'. Let r > 1 be an integer. A set A C Fj\ {0} with |[A] > 32" +2 is
manimal 1-saturating iof and only if there are a maximal sum-free set S C [}, and an

element s € S U{0} such that A= (s+ (SU{0})) \ {0}.

Examining the deduction of Theorem 1 from Theorem 2 at the end of Section 2,
the reader will see that in a completely identical way Theorem 1’ follows from

Theorem 2'. Let v > 1 be an integer and suppose that A C T4 is round. If |A| >
%27" + 2, then there is a sum-free set S C [} and an element g € Ty such that
A=g+ (SU{0}).

Thus, all we need is to prove Theorem 2'.

Proof of Theorem 2. Suppose that |A| > %2“ + 2. As mentioned in Section 1, the
size of a round set in F% does not exceed 2" 1. Consequently, the assumptions imply

r > 4; this is implicitly used below when we invoke Proposition 2.
Set 0 := |A| +|D(A)| — 2"1. By Corollary 4, we have

3
52§|A|—2’"‘1>0;
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thus, Proposition 2 and Lemma 4 give §|D(A)| > (6 — 1)|A|. Substituting the value
of § and rearranging the terms, we rewrite this estimate as
F(IDA)]) < [A|2 ™ +1 - 4]),
where f is the real function, defined by f(z) := z(2"~! — x).
Since f is concave, [D(A)| > 1 |A| by Corollary 4, and
min{f(|A|/2), f(|A] = 2)} > [A|(2"" + 1 - |A])

(as it follows by a straightforward verification using the assumption on the size of A),
we have
|D(A)| = [A] - 1. (4)
In view of Lemma 2, it suffices to show that I'(A) has a spanning star; that is (since
['(A) is triangle-free and has no isolated vertices), that the matching number of I'(A)
is equal to 1. Suppose, for a contradiction, that ['(A) has a two-edge matching 7.
By Proposition 2, incident with each of the two edges of T' are § — 2 edges of I'(A).
Moreover, since I'(A) is triangle-free, there are at most two edges of I'(A), incident
with both edges of T'. Consequently, the total number of edges of I'(A) is

|ID(A)| >2(6 —2)+|T| —2=2|A| +2|D(A)| — 2" — 4.
Using (4) and the assumption |A| > 1 2" 4 2 we derive
2" +4 > 2/A|+|D(A)| > 3[A| =1 > 2" +5,

a contradiction. O

5. SECURING TWO ISOLATED EDGES.

In this section we prove Theorem 2 under the extra assumption that I'(A) has at
most one isolated edge; the case where I'(A) has two or more isolated edges is dealt
with in Sections 6 and 7. We split the argument into two lemmas.

Lemma 6. Let r > 1 be an integer and suppose that A C F is round. If T'(A) has
at most one isolated edge and |A| > 0.3-2" + 2.6, then the matching number of I'(A)
s at most 2.

The proof is a minor modification of that of Theorem 2’.

Proof of Lemma 6. If I'(A) does not have isolated edges then, applying Lemma 4 to
the graph I'(A), we get |D(A)| > 2 |AJ; if T'(A) has one isolated edge, then |D(A)| >
1+ 2 (JA]—2) = 2]|A| — 4. In any case, letting 0 := |A|+|D(A)| — 2" and assuming
|A| > 0.3-2" 4 2.6 we have

5 1
5> Al -2t — = >0.
_3| | 3
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Consequently, applying Proposition 2 and Lemma 4 we obtain §|D(A)| > (6 — 1)|A].
Substituting the value of §, rearranging the terms, and letting f(z) := (27! — 2)z,
we re-write this estimate as

FUDA)) < @71 +1—[A]]A].

We notice that f(x) is concave,

2 1\ 2 2 1\ 1 2 1
slAl=g) =gl (27 =SlAl+5) -5 (27 -5+ 5

2
><§27"—1 Al + >|A|——\Ay

_ (32“ dal- —) A
3
S @+ 1 [A])AL
and

F(Al = 3) = (27" — |A| +3)(14] - 3)
= (@~ A+ 1)JA] +5[4] =327 9

> (27— |A] 4+ 1).
Thus, in view of |[D(A)| > 2|A| — 3, we conclude that, indeed,
|D(A)] = [A] = 2.

Suppose now that I'(A) possesses a three-edge matching 7. Using Proposition 2
to count the edges of I'(A), incident to those in 7', and taking into account also the
three edges of T', we get

[D(A)] = 3(|A| + [D(A)| =271 = 2) + 3 = 6;

for any edge, incident to two different edges from 7T, joins two vertices from 7', while
being triangle-free and possessing the perfect matching 7', the graph induced by the
six vertices of T" has at most six edges not in 7. Rearranging the terms gives

13
2 1>1A\+ |ID(A)] -3 > - \A|——

which contradicts the assumption on |A|. O

Lemma 7. Let r > 1 be an integer. If A C F% is a round set with |A| > 2772 + 3,
then the matching number of I'(A) is distinct from 2.

Proof. Assume for a contradiction that A C F3 is round, |A] > 2772 + 3, and the
matching number of I'(A) is equal to 2. By Lemma 3, there exist distinct elements
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ai,as € A and disjoint subsets Ag, Ay, A2 € A\ {ay,as} such that A = {a;, a2} UA U
Al U A2 and

D(A) \ {a1 + (12} = (a1 + (Al U Ao)) U ((12 + (A2 U AO))

Indeed, a; + a; € D(A) holds: else for some d',a” € Ag U A; U Ay we would have
ay + ay = a’ + a”, contradicting the fact that either a; + d/, or as + @' is uniquely
representable as a sum of two elements of A.

By Proposition 1, I'(A) is triangle-free, and consequently, Ag = @: for a; and ay
are joined by an edge in I'(A), and therefore have no common neighbors. Hence,

D(A) = {a1 + ag} U (al + Al) U (CLQ + Ag),

where the union is disjoint by the definition of D(A). For i € {1,2} we write D, :=
a; + A; and consider the sets B; := {0,a; + as} + D;. Since a; + ay € D(A) and
Dy, Dy C D(A), by Proposition 1 we have B; N By = @ and

|Bi| 4 |Bo| = 2|D1| + 2|Ds| = 2(|A| — 2) > 2" 1.

We claim now that the sumset By 4+ Bj is disjoint with the union By U Bs; equiva-
lently, {0,a; + as} + Dy + D5 is disjoint with both Dy and Dy. To see this assume,
for instance, that {0, a; + as} + Dy + D5 is not disjoint with D;. As 0 ¢ 2D; + D, by
Proposition 1, this assumption yields a; +as € 2D+ Ds; that is, a;+as = di +d} +ds
with some dy,d; € Dy and dy € Dy. Letting «; := a; +d; (i € {1,2}), we re-write this
equality as oy +ay = d} and obtain a contradiction observing that a; € Ay C A\{a1}
and ay € Ay € A\ {a1}, whereas d} € D; shows that the only representation of d}
as a sum of two elements of A involves a; as a summand.

Applying Corollary 2 to the sets By and By, we conclude that one of them is empty.
Consequently, either A;, or Ay is empty. Thus, I'(A) is a star, whence the matching
number of I'(A) is 1, contrary to an assumption at the beginning of the proof. O

6. USING TWO ISOLATED EDGES: THE COSET STRUCTURE.

As it follows from Lemmas 2, 6, and 7, and since % > 0.3, to complete the proof
of Theorem 2 it remains to consider the case where I'(A) has at least two isolated
edges. Accordingly, we assume in this and the next section that » > 1 is an integer
and that A C F% is a round set such that I'(A) has two (or more) isolated edges, and
show that |A] < & 2" + 3.

Shifting A, if necessary, we assume that 0 € A and aq, as, and a3 are elements of A,
distinct from 0 and each other, such that (0, a;) and (asg, ag) are isolated edges of I'(A).
We consider the subgroups L = (ay, as,a3), K~ = (a3, a; + as), Kt = {(as,a; + a3),

and H = (a; + as + as); thus,
H=K NK*' |H|l=2, |K|=|K"|=4, and |L| =8.
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Our argument is based on a careful study of the distribution of the elements of A and
D(A) in the cosets of L. The goal of the present section is to establish some basic
facts about this distribution.

For g € F} we write A, := AN (g+ L) and D, := D(A)N (g + L). Evidently, we
have {0, a1, as,as} C A, and it is easy to see that, indeed, Ay = {0, a1, as, asz}. Next,
if g ¢ L, then from {ay,as + as} C (24¢) N D(A) it follows that

(24,) N{ai, a2 + a3} = 2, (5)
and the fact that (0,a1) and (ag, as) are isolated edges gives
(Ay+ Dy) N{0,a1,a2,a3} = @. (6)
Furthermore, using Proposition 1 we obtain
(2Dy) N{a1, a2+ as} = 2, (7)

for each g € IF5,.

An immediate corollary of (5) is that |A,| < 4 holds for every element g € F%.
With this in mind, for g € F} and ¢ € [0, 4] we say that the coset g + L is of type i if
|Ay| =i, and we denote by n; the number of non-zero cosets of type i (so that L is
not counted in ny); hence,

no+ny+ng+ngt+ng=2"2%-1 (8)

and
ni + 2ny + 3nz + 4ny = |A| — 4. (9)

Recall, that for a subgroup F' of an abelian group G, by ¢ we denote the canonical
homomorphism from G onto the quotient group G/F. Thus, if B is a subset of G,
then |pp(B)| is the number of cosets of F', intersecting B non-trivially.

For the proof of the following three claims the reader is strongly encouraged to use
a pictorial “parallelepiped” representation of the cosets of L.

Claim 1. For every g € F5\ L we have min{|px-(A,)|, |px+(Ag)|} < 1.

Proof. Without loss of generality, we assume g € A;, whence g + a; ¢ A, and g +
as +as ¢ A, by (5). Thus, if A, has non-empty intersection with both cosets of K,
contained in g+ L, then A, contains at least one of the elements g+ay and g+a; +as.
Similarly, if A, has non-empty intersection with both cosets of K, contained in g+ L,
then A, contains at least one of the elements g + a3 and g + a; + a». However, the
two conditions just mentioned cannot hold simultaneously, as the sum of an element
from {g + a2, g + a; + a3} and an element from {g + a3, g + a; + a2} is either ay, or
as + as; cf. (5). O
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Refining our classification of cosets of L, for i € [2,4] and g € F} we say that the
coset g + L is of type 4" if it is of type i and, in addition,

lpr-(Ag)l = ler+(Ag)| = 1;
that g + L is of type ¢~ if it is of type ¢ and, in addition,

lor+(Ag)| > ok (Ag)| = 1;

and finally, that g + L is of type ¢* if it is of type 7 and
[pr-(Ag)l > lor+(Ag)| = 1.

Let nY,n;, and n; denote the number of non-zero cosets of the corresponding types.
From this definition, Claim 1, and the observation that if |px-(A,)| = |px+(Ag)| = 1,
then |pn(Ay)| =1 and thus |A4,| < 2, it follows that

0 — 0 0 — -
ng =mng+mny +ny, ng=ny =0, ng=nz; +nj, and ny =ny; +nj;.
Claim 2. For every g € F we have

D,| = 0, ifg+Lisoftype2° 3, ord, and g ¢ L;
)2, ifge L

furthermore,

D,| < 2, if g+ L is of type 1,27, or 2T
9= if g+ L is of type 0.

Proof. If g+ L is of type 2°; then A, is a coset of H, and without loss of generality we
assume that A, = g+ H. By (6), the assumption g € A yields {g, g + a1,9 + a2, 9 +
as}N D, = @. Similarly, g+ a; +as + a3 € A yields {g+ a1 +as + a3, g+ ax+as, g+
a1 +as,g+a +ax}ND, =@. Thus, D, = @.

Suppose now that |[A;] > 3, g ¢ L and show that in this case D, = @, too. If
A contains a coset of H, we argue exactly as above. Assume therefore that A does
not contain a coset of H, and assume also, for definiteness, that g € A. By (5), we
have {g + a1,g +as + az} N A, = @ and a1 ¢ 2A,. It is easy to derive that either
Ay ={g,9+as, g+ as}, or A, ={g,9+ a1 + az, g + a1 + az} holds; however, each of
these options is incompatible with as + as ¢ 2A4,, following from (5).

By (7) and since {a1,as+az} C D(A), the set D(A) is disjoint with {0, a; +as+as},
and the assumption that the edge (a2, a3) is isolated shows that D(A) is also disjoint
with {as,as, a1 + a, a1 + as}; consequently, if g € L, then D, = {a1,as + a3} and
| Dy = 2.

Next, if g € Aand g ¢ L, then by (6) we have {g, g+a1, g+as, g+as, g+as}ND, =
@. Also, (7) shows that D, can possibly contain at most one of g + as + a3 and
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g+ ai + az + as, and similarly D, can possibly contain at most one of g+ a; + a3 and

g+ ay + ay. It follows that |D,| < 2 whenever g ¢ L and g + L is not of type 0.
Finally, the fact that |D,| < 4 for each g € F} is a direct consequence of (7) and

the box principle. 0

Claim 3. For every g € F% such that g+ L is of type 1,27, or 2% there exists a subset
59 C g+ L with D, C ﬁg and |ﬁg\ = |¢H(ﬁg)],' moreover,
(i) if g+ L is of type 1, then |5g\ =4;
(ii) if g + L is of type 27, then |59| =2 and |pg-(
(iii) of g + L is of type 2%, then |ﬁg| =2 and |ox+(

=1
)| = 1.

D,
D,

Proof. If g+ L is not of type 0 and g ¢ L then, by (6), the set D, is disjoint with the
set A, + Ay C g+ L, containing a translate of Ay. However, Ay intersects non-trivially
each of the four cosets of H, contained in L. Thus, the complement of Dy in g + L
contains an element in each coset of H, contained in g + L. This shows the existence
of D C g+ L with D, C l~?g and |l39| = |g0H(l~)g)|, and proves (i).

Now suppose that g + L is of type 27. We assume, without loss of generality, that
g € A and consequently, that either A, = {g,9+ as}, or A, = {g, g+ a1 + a2} holds.
By (6), the set D, is contained in the complement of A, + Ay in g + L, which in the
former case is {g+a;+as, g+a1+as+as}, and in the latter case {g+ai+as, g+as+as}.
To prove (ii) it remains to observe that each of these sets is contained in a coset of
K, but not contained in a coset of H.

The proof of (iii) goes along similar lines. O

7. USING TWO ISOLATED EDGES: COMPLETION OF THE PROOF.

In this section we complete the proof of Theorem 2. We keep using the notation

and assumptions of the previous section, and since % 2N+ 3> %T + 2 for r € [1,5],
in view of Theorem 2’ we assume r > 6. To argue by contradiction, we also assume

that |A| > 3£ 2" + 3. Our goal is to show that these assumptions are inconsistent.

Claim 4. We have min{n; ,nj} < ng + 3.

Proof. Suppose that n; > ng+3 and nj > ng+3, and let A~ denote the union of all
sets A, such that g+ L is of type 4. Since |¢r(A)| = 2% —ng and |pr (A7) =ny >
no + 3, by the box principle every element of F%/L is representable in at least three
ways as a sum of an element from ¢ (A) and an element from ¢;(A~). Observing
that A~ is a union of K ~-cosets and that each L-coset is a union of two K ~-cosets,
we conclude that every L-coset contains a K ~-coset, disjoint from D(A). Similarly,
every L-coset contains a K -coset, disjoint with D(A). As a union of a K~ -coset and
a K T-coset, contained in the same L-coset, covers all this L-coset, with the exception
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of an H-coset, applying Claim 3 we conclude that |D,| < 1if g+ L is of type 1 or 2,
and |D,| <2if g+ L is of type 0. Hence, using (8) and (9), we obtain

1
§2(n0+n1+n2+n3+n4)—§(n1+2n2—|—3n3+4n4)+2

1
=27 — -~ |A] +2.
1A+
Compared with Corollary 4 this yields |A| < 2772 + 2, a contradiction. U

Being the only place where the factor % emerges, the following claim can be con-
sidered the bottleneck of our method.

Claim 5. We have max{n, ,nf} < ng + 3.

Proof. Switching the notation, if necessary, and in view of Claim 4, we assume that
ny <ng+3<nj. (10)

Let AT be the union of all sets A, such that g + L of type 47. As in the proof of
Claim 4, every element of F} /L is representable in at least three ways as a sum of an
element from ¢ (A) and an element from ¢ (A"), and AT is a union of K *-cosets;
hence every L-coset contains a K *-coset, disjoint from D(A). In view of Claim 3 (ii),
we have |D,| <1 whenever g + L is of type 27. Thus, by Claim 2,

|D(A)| < 4ng + 2n; +ny + 2ng + 2. (11)
Let B denote the set of all those elements of A, adjacent in I'(A) to an element
from A*. As AT is a union of K*-cosets, for any b € B we have |(b+ K1) N A| = 1;
it follows that B is disjoint with A™ and
|B] < ny+2n, +ng.
Consider the subgraph I of T'(A4), induced by the elements of AT U B. Since B is
a vertex cover of I, the matching number ¢’ of I'' does not exceed |B|; hence,
t' <ny+2n; +n3. (12)

Let ¢ be the matching number of I'(A) and let 7" be a matching in I'(4) with
IT| = t. As the number of edges between AT and B in I'(A) is at least |AT| = 4n],
at most ¢ of these edges being in T', we have

t < |D(A)| —4nf + 1. (13)

To obtain another relation between ¢ and t’ we notice that if b € B is adjacent in
['(A) to a € A, then in fact every element of D, , corresponds to an edge, incident
with b: for, all elements of D, are contained in a coset of K, and since a+b € D, s,
this coset is a + b+ K+ = b+ A,. Now, fix a matching 7" of I". As any edge of T
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corresponds to an element from D(A), by Claim 2 corresponding to the edges of T" are
are at most four elements from every L-coset of type 0, two elements from L, and at
most two elements from every L-coset of type 1,27, or 2. Taking into account that
for each edge (a, b) of T", there is actually at most one element in the coset a +b+ L,
corresponding to an edge of T', we conclude that

t <dng+2ny +2ny +2ng +2 -t (14)

We complete the proof of Claim 5 showing that an appropriate combination of
estimates (10)—(14) yields a contradiction with the assumption on the size of A,
made at the beginning of this section. Specifically, substituting (9) into the estimate
of Corollary 5 we get

ny + 2”2 + 3713 -+ 472,4 S |D(A)| +t—4.

Taking the sum of this inequality with the weight 4, identity (8) with the weight
44, the first inequality in (10) in the form —ng + n; < 2 with the weight 12, and
inequalities (11), (12), (13), and (14) with the weights 7, 2, 3, and 1, respectively, we
obtain

30n; + 52n3 + 390y + 36nd + 5dny + 56nd + 72n) + 72nf < 442777 — 20.

(The weights were found by solving the corresponding linear program to yield the
best possible bound.) Evidently, the left-hand side is at least as large as

18(ny + 2n9 + 3ng + 4nyg) = 18(|A| — 4);

thus 22 10 11
Al<=.9r 3 - 4 4<—.2"+3
| |—9 9+ 36 *9

a contradiction. 0
Claim 6. We have ny > ng + ny + n + 4.
Proof. Applying Claim 2 and using (8) and (9) we get
|ID(A)] < 4ng + 2ny + 2ny + 2ng + 2
= 6(np + 1y + ng + n3 + ng) — 2(ny + 2ns + 3nz + 4ny)
+2(ng —ng —ny —ny + 1)

=322 - 2|A| +2(ng — ng —ny — nY +2).

Comparing with Corollary 4, we get
%|A| <3-272 - 2|A| +2(ng —ng — ny —nI +2).

Hence
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and the result follows from |A| > 0.3 - 2" + 4. O
Claim 7. The matching number of T'(A) does not exceed ny + 2ny + 2ng + n3 + 2.

Proof. Write ¢ := a; + ag + as, so that H = {0,0}. Clearly, if (a,b) is an edge in
I'(A), then either a + 0 ¢ A, or b+ o ¢ A. This shows that every edge of I'(A) is
incident with an element of the set B := {a € A: a + o ¢ A}. By Claim 1, the total
number of elements of B is

ny + 2ny + 2n3 +ns + 4.

[t remains to notice that in a matching of I'(A), there can be at most one edge,
incident with a given element of B, and that any maximal matching constants the
edges (0,a;) and (ag, az), both incident to two elements of B. O

By Claims 5 and 6, it remains to consider the case where
and
ng > ng +nq + 4, (16)

which from now on we assume to hold. Notice, that these assumptions imply
min{n,,n} > 2.

We define A~ to be the union of all sets A, such that g+ L is of type 47, and A} —
the union of those A, with g + L of type 4*. Next, let B be the union of all A, with
|A,| > 2; thus,

(A7) =ny, (A7) =nf, and |pL(B)] = na +ng +nq + 1.

Furthermore, let C~ denote the set of all those ¢ € A~ + B with the property that
©vr(g) has at least two representations as an element from ¢, (A~) and an element
from ¢ (B); similarly, denote by C'* the set of those g € AT + B such that ¢ (g) has
at least two representations as an element from ¢ (A") and an element from ¢ (B).

Notice, that if g € C~ 4 L, then g+ L contains a coset of K~ disjoint from D(A),
and if g € C* 4+ L, then g+ L contains a coset of K, disjoint from D(A). Hence, for
g€ (C~+L)N(C*T + L), the set D, is contained in a coset of H; thus by Claim 3 if
g+ L is of type 1 or 2, then |D,| <1, and if g + L is of type 0, then |D,| < 2.

By the box principle, we have

or(C7) N pr(CT)] > |er(CT)| + |pr(CT)| = 2772, (17)
whereas by Corollary 3,
lor(C7)| > min{2ny + 2n3 + 2ny4 + 2n, — 23 — 2 mgy +ng + ng}
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and

‘QOL(C+)| Z min{Qng + 2713 + 2714 + 27111_ - 2r—3 — 2, N9 + N3 + n4}. (18)
We notice that at least one of these minima is attained on its second term: for if

2ny + 2n3 + 20y +2n; — 273 — 2 < ng 4+ n3 + ny
and

2ny + 2n3 + 20y +2nf — 2773 — 2 < ny 4+ ng + ny
both hold true, then taking the sum we obtain
20y 4 2n3 +4ny <2772 + 4
which, in view of (8), can be re-written as
ng < ng+nq+ 3;

this, however, is inconsistent with (16).
By symmetry, we can assume that

oL (C7)] = na + ns + na, (19)

and we consider two cases, according to the value in the right-hand side of (18).
If |pr(CT)| > ng + ng + ng, then by (17) and (19),

oL (C7) N (CT)| > 2ny + 2n3 + 20y — 2773,
It follows that there are at least
(2712 + 2713 + 271/4 — 27“73) — (ng + ng + 1) = 2n2 + N3+ Ny — 27“73 -1

L-cosets of type 0,1, or 2, contained in (C~ + L) N (C* + L). Hence, by Claim 2 and
an observation above,

|ID(A)| < 4ng +2ny +2ny +2 — (2ny +ng +ny — 2773 — 1)
—dng+2ny —n3 —ng + 272 + 3.
Combining this estimate with Corollary 5 and Claim 7, we get
|A| < dng+3ny +2ny +2n5 —ng +272 45
and furthermore, substituting the value of |A| from (9),
—4ng — 2ny +2n9 4+ 3nz + 50y <2773 4 1.

Taking the sum of this inequality, inequalities (15), and identity (8), multiplied by 6,
we obtain

dng + 2ny + 6ng + 9Ing + 120y < 7-277% — 1.
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By (9), the expression in the left-hand side is at least 3(|A| — 4); consequently,

7 1 11
Al =2"—-+4<—=2"43
| |_24 3+ 36 +9

a contradiction.

Finally, suppose that o (CT)| > 2ng + 2n3 + 2n4 + 2n; — 2773 — 2. Arguing as in
the previous case, we get

loL(CT) N oL (CT)| > 3ng + 3ns + 3ng + 2nf — 2772 — 2,

|D(A)| < 4ng + 2ny + 2ny + 2
— (Bna+3n3+3ns+2nf — 272 —2) — (ng + ny + 1))
= 4ng +2n; — ny — 2n3 — 2ny — 20 + 272 4+ 5,
|A| < 4ng+3ny —ny +ny +ng —nz—2ng —2nf +272+ 7,
and hence
—4ng — 201 + 309 4+ ny +ng +4ns + 6ng +2nf <272 4 3.
Taking the sum of the last inequality, the first of the inequalities (15), and identity
(8), multiplied by 5, we obtain
3ny 4209 4+ 6ny + Ing + 120y +nf <7-277% — 2

which leads to a contradiction as above. This completes the proof of Theorem 2.
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