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ON WEIGHTED ZERO-SUM SEQUENCES

SUKUMAR DAS ADHIKARI, DAVID J. GRYNKIEWICZ AND ZHI-WEI SUN!

ABSTRACT. Let G be a finite additive abelian group with exponent exp(G) =n > 1 and let A
be a nonempty subset of {1,...,n—1}. In this paper, we investigate the smallest positive integer
m, denoted s4(G), such that any sequence {c;}j~; with terms from G has a length n = exp(G)
subsequence {cij }j=1 for which there are ai,...,a, € A such that Z?zl aici; = 0.

When G is a p-group, A contains no multiples of p and any two distinct elements of A
are incongruent mod p, we prove that sa(G) < [D(G)/|A|] + exp(G) — 1 for |A| > (D(G) —
1)/(exp(G) — 1), where D(G) is the Davenport constant of G and this upper bound for sa(G)
in terms of |A| is essentially best possible.

In the case A = {£1}, we determine the asymptotic behavior of s;11}(G) when exp(G) is

even, showing that, for finite abelian groups of even exponent and fixed rank,

s;+1}(G) = exp(G) + log, |G| + O(log, log, |G|) as exp(G) — oo.

Combined with a lower bound of exp(G) + > |log, ni|, where G =2 Zy, @ ... ® Zy, with
i=1

1 < mi|---|n,, this determines s;413(G), for even exponent groups, up to a small order error
term. Our method makes use of the theory of L-intersecting set systems.

Some additional more specific values and results related to s;41}(G) are also computed.

1. INTRODUCTION

Let G be a finite abelian group written additively and let F(G) be the set of all finite, ordered
sequences with terms from G, though the ordering will not be of relevance to our investigations
apart from notational concerns. A sequence S = {¢;}1; € F(G) is said to be a zero-sum sequence
if 0(S):=¢1+ -4+ ¢, =0. In the theory of zero-sums, the constant s(G) is defined to be the
smallest positive integer n such that any sequence of length n contains a zero-sum subsequence
of length exp(G) (the exponent of G). By [10, Theorem 6.2], we have s(G) < |G| + exp(G) — 1.
For n € Z* = {1,2,3,...}, let Z, = Z/nZ denote the ring of residue classes modulo n. The
famous Erdés-Ginzburg-Ziv Theorem (EGZ) [11] (see also [10] and [16]) implies s(Zy,) = 2n — 1,
and the Kemnitz-Reiher Theorem [20] states that s(Z2) = 4n — 3.

Shortly after the confirmation of Caro’s weighted EGZ conjecture [13], which introduced the
idea of considering certain weighted subsequence sums, Adhikari and his collaborators (cf. [5]
[6] [7]) initiated the study of a new kind of weighted zero-sum problem. Let A be a nonempty
subset of [1,exp(G) — 1] = {1,...,exp(G) — 1}. For a sequence {¢;}I'; € F(G), if there are
ai,...,an € A such that Y ;" | a;c; = 0, then the sequence is said to have 0 as an A-weighted
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sum or, simply, to be an A-weighted zero-sum subsequence. Similar to the classical case with
A = {1}, various A-weighted constants can be defined as follows:

e D4(G) is the least integer n such that any S € F(G) of length |S| > n contains a
nonempty A-weighted zero-sum subsequence.

e E4(G) is the least integer n such that any S € F(G) with length |S| > n has an A-
weighted zero-sum subsequence of length |G].

o s4(G) is the least integer n such that any S € F(G) with length |S| > n has an A-

weighted zero-sum subsequence of length exp(G).

The conjecture that E4(G) = |G| + Da(G) — 1 was recently confirmed [14], rendering the
independent study of D4(G) and E4(G) no longer necessary. See also [5], [26] and [25] for
previous partial results on the conjecture.

Let n and r be positive integers. In [4], Adhikari and his coauthors investigated

faln,r) :=sa(Zy)

and proved that fri1)(n,2) =2n —1if n is odd. If p is a prime, A C [1,p — 1], and {a mod p:
a € A} is a subgroup of the multiplicative group Z; = Z, \ {0}, then the authors in [3] showed

that

r(p—1) plA

——+p forl <r<—7;
|A| p—1

in particular, fa(p,|A|) <2p—1 for such A.

fA(p7 T) <

In the present paper, we obtain an essentially sharp upper bound for s (G)—without the
restriction that {a mod p : a € A} forms a subgroup of Z;—which is valid for an arbitrary
abelian p-group G.

For an abelian p-group G = Zx, © - -+ © Zys, with ky,..., k. € N, Olson [17] proved that the
Davenport constant D(G) = Dy11(G) equals d*(G) + 1, where

Our first main theorem is the following.

Theorem 1.1. Let p be a prime and let G be an abelian p-group with |G| > 1. Let ) # A C
[1,pF — 1]\ pZ and suppose that any two distinct elements of A are incongruent modulo p.
Then, for each k € Z%, any sequence in F(G) of length at least p* — 1 + [(d*(G) + 1)/]A]]
contains a nonempty A-weighted zero-sum subsequence whose length is divisible by p*. Thus, if
|A| (exp(G) — 1) > d*(G) = D(G) — 1 (which happens if |A| is at least rk (G) = r, the rank of
G), then we have

D(G)

s4(G) < exp(G) — 1+ “Aw .

For any abelian p-group G, our upper bound for s4(G) in terms of |A| is essentially best
possible, as illustrated by the following example (see also [3] for the particular case G = Zj).
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Note that the condition |A| > (D(G) — 1)/(exp(G) — 1) cannot be removed even in the classical
case A = {1} since it is known that s(Z2) = 4p — 3 > D(Z2) 4+ exp(Z2) — 1 = 3p — 2.
Ezample. Let p be a prime and let G = Zx, &+ @ Zy,, where 1 <k <--- < k. Set A = [1,]

with [ < p* — 1. Consider a sequence S over G which consists of

(0,0,...,0) used PP — 1 times,

ki _
(1,0,...,0) used {p Jtimes,

ko _
(0,1,...,0) used {p 7 Jtimes,

ky
(0,...,0,1) used V) Jtimes.

Clearly, S contains no subsequence of length exp(G) = p* which has 0 as an A-weighted sum.
Note that the length of S is ptr —1+>"7_ | (p* —1)/], which coincides with p*" —2+[(d*(G) +
1)/1] = exp(G) — 2 + [D(G)/|A|] when [ divides every p** — 1, which may easily be arranged,
for instance, if all the k; are equal.

Under the conditions of Theorem 1.1, Thangadurai [24] showed that D4(G) < [D(G)/|A]]
via the group ring method. This result is an easy consequence of Theorem 1.1 since we may add
exp(G) — 1 0’s to a sequence in F(G) of length [D(G)/|A|] and then apply our theorem.

As we have already mentioned, in [4] it was proved that s;1}(Z2) = 2n—1 = 2 exp(G) — 1 if
n is odd. It is easy to see (and is a specific case in the Kemnitz-Reiher Theorem [20] mentioned
before) that sgy13(Z3) =5 =2 exp(G) + 1.

In contrast to these results, in this paper we fully determine the asymptotic behavior of

s{+1}(G) when exp(G) is even, showing that, for finite abelian groups of even exponent and
fixed rank,

sg+1}(G) = exp(G) + log, |G| + O(logy logy |G) as exp(G) — oo. (1.1)
More precisely, we prove the following theorem.

Theorem 1.2. Let r > 1 be an integer. Then there exists a constant C,., dependent only on r,
such that
s{+1}(G) < exp(G) + log, |G| + C; logy log, |G|

for every finite abelian group G of rank r and even exponent.

In view of the lower bound on s 13(G) shown below in Theorem 1.3, Theorem 1.2 determines
the value of s;411(G) up to the very small order error term given in (1.1). Our method makes
use of fundamental results from the theory of L-intersecting set systems and could be used to
explicitly estimate the coefficient C,. in specific cases as well as give bounds for how long a

sequence S € F(G) must be to ensure a {£1}-weighted zero-sum subsequence of even length n,
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where n is any even integer at least (r + 1)2"T! and r = rk (G). To illustrate this point, and
to gently accustom the reader to the method in a more concrete setting, we first calculate some
specific values of s¢;13(G) for small |G, and as a by-product of this investigation, obtain the
following bounds on the weighted Davenport constant in the case A = {£1}. Note that

[logy |G[] = [logy(ning -+ ny)] = {2108;2 nJ ,
=1

so that the difference between the upper and lower bounds given below is at most r. In the
case of cyclic groups, i.e., rank 7 = 1, and 2-groups, this means that equality holds. For the
cyclic case, this was first shown in [6]. The results obtained for small |G| can be combined with
an inductive argument to yield a simpler upper bound for rank 2 groups, which we handle in
brevity at the end of Section 4.

Theorem 1.3. Let G be a finite abelian group with G = Zy, © Zp, ® -+ B Ly, , where 1 <
ni|...|n.. Then

> llogyni] +1 < Dpayy(G) < [logy |Glf +1
i=1

and

s+1}(G) > 1y + D11y (G) — 1 > exp(G) + ZUOg2 n;].
i—1

2. PROOF OF THEOREM 1.1

The following result is well-known. Alternatively, one may simply note that each side of the
equation is a polynomial in x of degree less than n with the difference of both polynomials having
T1,...,Ty as n distinct zeros, and now invoking the fundamental theorem of algebra shows both
polynomials must be identical.

Lemma 2.1. (Lagrange’s interpolation formula) Let P(z) be a polynomial over the field of

complex numbers, and let x1,...,x, be n distinct complex numbers. If deg P < n, then
P(a) =3 P[] T— -
= et
i

The next result is a useful lemma due to the third author (which first appeared in a preprint
version of [23] dated May 26, 2003). It provides an alternative to the group-ring method.

Lemma 2.2. (Sun [23, Lemma 4.2]) Let p be a prime and let k € N=1{0,1,2,...} and m € Z
be integers. Then

<m - 1) 1 (mod p) ifpt | m,

pF—1 0 (mod p) otherwise.
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For convenience, for a polynomial f(z1,...,x,) over a field, we use [xlfl coexke) f(xy, .. )
to denote the coefficient of the monomial fL’Ifl coegkein fxy, . x).

For a prime p and integer x € Z, we write v,(x) € Z for the p-adic valuation of =, which is the
maximal n € N such that p"|z. If x € Q, say = = y/z with y, z € Z, then the p-adic valuation
of x is just vp(z) = vp(y) — vp(2). By convention, v,(0) = oco.

Proof of Theorem 1.1. Suppose that G = Zyx, @ -+ @ Zyk, with 1 < ky < -+ < k. Then
d*(G) = >_1_,(p* —1) and exp(G) = pFr. Let {cs}"; € F(G) with n = pF—1+[(d*(G)+1)/|A]],
where k € ZT. We may identify each c¢s with a vector

(¢s1 mod pF', ... cg mod pkr> € Lpky O -+ © Lphr,

where cg1, .. ., s are suitable integers. Set

P(z) = H(:c—a) € Zlr] and c= M

acA P(O)"
and define
" P(x;) — nP(0) — 1\ 1 " eqTs — 1 -
f(xla"'axn): Zlil ( ]2 ( ) H ZSilk ' _CHP(xi)GQ[$17"'7$n]‘
pr—1 =1 pr =1 i=1

Since n|A| > d*(G) + |A|(p* — 1), we have

[xllA‘ ozl f(x1, .. an) = —c and deg f = nl|Al.
Since A N pZ = () by hypothesis, we have

vp(c) = 0.

As P(z) € Z[z] is monic, for each j € N, there are g;(z),rj(x) € Z[z] such that
2/ = xP(z)qj(z) + rj(z) and degr; < min{j, deg P}.
Note that deg(zP(z)g;(z)) = deg(2? — rj(z)) < j. Write

f(:l?l,...,l'n) = Z fj17~~-,jnH$gi S Q[$1,...,$n].
=1

j17"'7jn>0
Then, as in the proof of Alon’s Combinatorial Nullstellensatz [1], we have

n

F@nm) = > [ [ @iP(@)as, (i) + 1), (x:))

Jise-sJn >0 =1
n —
= Z.%P(.%'Z)hz(xl, - ,mn) + f(.%'l, . ,xn),
i=1

where h;(x1,...,2,) € Q[z1, ..., x,] (the h; here can be variously chosen), deg h;+deg(z; P;(x)) <
deg f, and f is given by

n

Fan,zn) = > Fige [ 75 @)

J1yeerjin >0 i=1



6 SUKUMAR DAS ADHIKARI, DAVID J. GRYNKIEWICZ, AND ZHI-WEI SUN

Clearly,

flay,...,a,) = f(a1,...,a,) forallay,...,a, € A,
where A’ = AU{0}. Recall deg f = n|A|. Thus, as deg h; +deg(z; P;(z)) < deg f, it follows that
22l N P b, ) = [ AN ) = 0,
whence
[x'lA‘ vzl F ey, ) = [x'lA‘ ez, ) = —c

Since degr;(z) < deg P(z) for all j € N, the degree of f in z; does not exceed deg P = |A'| -1
for any ¢ = 1,...,n. Applying Lagrange’s interpolation formula n times, we obtain

flxy,. ... xp) = Z f(@1,. e 21, an) H fn =

a p—
an€A! beA\{an}

—. = Z f_(ala"'van)H H xj_l;

P
a1, an €AY j=1beA\{a;} ’

= Z f(al,...,an)H H xj_z.

P
a1poam €A j=1beA\{a;} 7

By hypothesis, vy(a — b) = 0 for distinct a, b € A’. Combining this with

A
[a:ll ! ---x'TlA‘]f(atl, ..y p)) = —c and vpy(c) =0,
we conclude from the above interpolation formula that there are ay,...,a, € A’ such that

vp(fla,...,ap)) <O0.

Note that f(0,...,0) = (—=1)¥(@+P"~1 _ cP(0)" = 0 with v,(0) = cc. So I = {i € [1,n] :
a; # 0} is nonempty. For i € I, we must have a; € A, and hence P(a;) = 0. Thus, recalling
that v, (f(ai1,...,an)) < 0 and noting that the left hand side of the below equation is an integer
valued polynomial, it follows that

<Zi€[1,n]\1 P(0) —nP(0) — 1) H (Zsefascst - 1) = f(a1,...,an) £ 0 (mod p).

k ke _
pr—1 ey ptt—1

With the help of Lemma 2.2, we obtain —|I|P(0) = 0 (mod p*) and >, ; ascst = 0 (mod p*t)
for all t = 1,...,r. Therefore {cs}ser is an A-weighted zero-sum subsequence of {¢;}!' ; and,
since A N pZ = () implies P(0) £ 0 (mod p), it follows that the length of this subsequence is
|I] =0 (mod p).

To see the final part of the theorem, take k = k, and observe that if (p¥ — 1)|4| > d*(G) =
D(G) — 1, then
d*(G) +1

|A]

d*(G) + |A4]

S 2pk - 17
|Al

n<pF—1+7 T<ph -1+

and hence |I| = p*. We are done. [J



ON WEIGHTED ZERO-SUM SEQUENCES 7

Remark 2.3. In 2003, the third author Sun [21] obtained the following useful polynomial
formula: If f(x1,...,2,) is a polynomial over a ring R with identity, then, for any J C [1,n]
with |J| > deg f, we have

S () e ], e 1)) {Hx} o),

ICJ jedJ

where [[s € I] takes the value 1 or 0 according as s € I or not. Trying to extend this result and the
Combinatorial Nullstellensatz, Sun’s student Hao Pan made the following (unpublished) obser-
vation: If Ay,..., A, are finite, nonempty subsets of a field F' and f(x1,...,z,) € Flz1,...,Zy]
with deg f < >, (JAil — 1), then

[A1|-1  |An|—1 flay,...,ap)
[z} T f(@, . Z Z 1 e )

a1€A an€An

3. TERMINOLOGY AND NOTATION

In this section, we introduce some more notation to be used in the remaining part of the
paper.

Let G be an abelian group. Then F(G) denotes all finite, unordered sequences (i.e., multi-
sets) of G written multiplicatively. We refer to the elements of F(G) as sequences. To lighten
the notation in parts of the paper, we have previously always written sequences with an implicit
order in the format {gi}ézl, where g; € G. However, some of the remaining arguments in the
paper become more cumbersome to describe without more flexible notation, so we henceforth
use the multiplicative notation popular among algebraists working in the area (see [9] [10]). In
particular, a sequence S € F(G) will be written in the form

l
s =TLo = [[ o
=1

geG

where g; € G are the terms in the sequence and v4(S) € N = {0, 1,2, ...} denotes the multiplicity
of the element g in S. Note that the p-adic valuation of an integer x is just the multiplicity of
p in the prime factorization of x = py - ... - p;, which is indeed where the notation originates.
Then |S| = [ is the length of the sequence, S’|S denotes that S’ is a subsequence of S and, in
such case, S’ ~1S denotes the subsequence of S obtained by removing the terms of S’ from S.
The support of S, denoted supp(.S), consists of all g € G which occur in S, i.e., all g € G with
vg(S) > 1. Of course, if S, T' € F(G) are two sequences, then ST € F(G) denotes the sequence
obtained by concatenating S and 7. For a homomorphism ¢ : G — G’, we use ¢(S) to denote
l

the sequence in G’ obtained by applying ¢ to each term of S. Finally, o(S) = 3 g; denotes the

sum of the terms of the sequence S.
Let X, Y C G. Then their sumset is the set

X+Y={z+y|lzeX, yeY}
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and —X = {—x | z € X} denotes the set of inverses of X. If A CZ and g € G, then
A-g={ag|ac A}.

We say that g € G is an A-weighted n-term subsequence sum of S € F(G), or simply an A-
weighted n-sum of S, if there is an n-term subsequence g; - ... g, of S and a; € A such that

g= ZazgZ If we only say ¢ is an A-weighted subsequence sum of S € F(G), then we mean it
is a A welghted n-sum of S for some n > 1. When we say that S =g¢1-... g, € F(G) has g as

an A-weighted sum, this means there are a; € A such that g = Zalgl. A sequence having the
i=1
element 0 as an A-weighted sum will simply be called an A-weighted zero-sum sequence.

4. PLus-MINUS WEIGHTED ZERO-SUMS: GENERIC BOUNDS AND RESULTS FOR SMALL |G|

In this section, we focus on A-weighted subsequence sums when A = {£1} and use the multi-
plicative notation for sequences described in Section 3. We begin with an important observation.
Let G be an abelian group, let S € F(G) be a sequence, and let S’ be a subsequence of S, say

n

S"=g1-...-gn with g; € G. Then Y A- g, is the set of all A-weighted sums of S’. However,
i=1
when A = {£1}, then A-g; = A-(—g¢;), and thus the {£1}-weighted n-term subsequence sums

of S correspond precisely with the those of the sequence z~1S(—x), for 2 € supp(S) and every
n. In other words, we can replace any term of the sequence S with its additive inverse without
changing which elements of G are A-weighted n-term subsequence sums.

When G is an elementary abelian 2-group, then x = —z for all x € G. Consequently, studying
{#£1}-weighted subsequence sums in this case is no different than studying ordinary subsequence
sums. In particular (see [18] [20], though the particular cases here are easy to see),

Dp413(Z3) = D(Z3) = 3 and sp41y(Z3) = s(Z3) = 5. (4.1)

The following Proposition—and the idea behind its proof—will be one of the main tools used

for proving the results in this section and the next.

Proposition 4.1. Let G be a finite and nontrivial abelian group and let S € F(G) be a sequence.

(i) If |S| > logy |G| + 1 and G is not an elementary 2-group, then S contains a proper,
nontrivial {£1}-weighted zero-sum subsequence.
(ii) If |S] > logy |G| + 2 and G is not an elementary 2-group of even rank, then S contains
a proper, nontrivial {x1}-weighted zero-sum subsequence of even length.
(iii) If |S| > logy |G|, then S contains a nontrivial {£1}-weighted zero-sum subsequence, and
if |S| > logy |G| + 1, then such a subsequence may be found with even length.

Proof. We begin with the proof of part (i). Let S = go-g1 ... g, where g; € G, and set
S'=ygy 1S. Note

[ =15 = 15| — 1 > log, |G (4.2)
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by hypothesis. There are 2! possible subsets I C [1,1], each of which corresponds to the sequence
St =[] 9 € F(@)

i€l
obtained by selecting the terms of S’ indexed by the elements of I (including the empty selection
I = (), corresponding to the trivial /empty sequence, which by definition has sum zero).
Suppose there are distinct subsets I, J C [1,!] with

o(S1) = gi=) gi=0(S)). (4.3)
iel jeJ
Since I\J =I\(INJ)and J\I=J\(INJ), wecan remove the commonly indexed terms
between S} and S’ to find

U(S}\ﬂ = Z 9i = Z 9j = U(Sfl\l)- (4.4)
i€\J JeINI
Note, since I # J, that I\ J and J \ I cannot both be empty, while I\ J and J \ I are clearly
disjoint. Hence
SEI\J)U(J\I) = }\J'SZI\I = H 9i- H 9j
iel\J  jeJ\I
is a nontrivial subsequence of S’, which, in view of (4.4), has
0= 1.gi+ > (-1)-g
i€\ J FEINI
as a {£1}-weighted sum. Moreover, since SE ASUND) 18 8 subsequence of S’ with S’ being a
proper subsequence of S, it follows that SE MU is a proper {+}-weighted zero-sum sub-
sequence of S, yielding (i). So we may instead assume there do not exist distinct subsets
I, J C [1,1] satisfying (4.3), that is, there are no such subsets with o(S7) = o(57).
Now (4.2) implies that there are 2! > |G| subsets I C [1,1]. If 2! > |G|, then the pigeonhole
principle guarantees the existence of distinct subsets satisfying (4.3), contrary to assumption.
Therefore we can assume 2! = |G|, which is only possible when equality holds in (4.2):

|S| =logy |G| + 1 € Z.

Moreover, each of the 2! = |G| subsequences S}, where I C [1,1], must have a distinct sum from
G, else the argument from the previous paragraph again completes the proof. In consequence,
every element of G\ {0} is representable as a subsequence sum of S’ with 0 represented by the
trivial sequence. In particular, it follows that there exist subsequences T} and T of S’ with
o(T1) = go and o(T3) = —go, where (recall) gy is the term from S that we removed to obtain
S’. Consequently, if T} is a proper subsequence of S’, then goT) is a proper {£1}-weighted
zero-sum subsequence of S, while if T5 is a proper subsequence of S’, then goT» is a proper
{£1}-weighted zero-sum subsequence of S. In either case, the proof of (i) is complete, so we
must have S’ = Ty = T}, in which case

o(8') = —go = o(T2) = o(T1) = go. (4.5)
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Since every element of G occurs as the sum of one of the |G| subsequences S}, where I C [1,1],
and since I = () corresponds to the subsequence with sum 0, we conclude that (supp(S’)) = G.
Consequently, since GG is not an elementary 2-group, it follows that there must be some y €
supp(S’) with

2y # 0. (4.6)
Now, recall that replacing a term from a sequence with its additive inverse does not affect any
of the {£1}-weighted subsequence sums (as explained at the beginning of the section). Thus, it
suffices to prove (i) for the sequence Sy := y~1S(—y) obtained by replacing y by —y in S. Note

o(Sp) = o(S) — 2y and o(S)) = a(S') — 2y,

where S}, := y~15'(—y). Therefore, using (4.5), we derive that

a(Sp) = o(S') — 2y = go — 2y. (4.7)
However, applying all of the above arguments using So = y~1S(~y) and S}, = y~19'(—y), we
will complete the proof unless (4.5) holds for S as well:

a(S0) = go-
Combining this equality with (4.7), we find that 2y = 0, which contradicts (4.6), completing the
proof of (i).
We continue with the proof of part (ii), which is just a variation on that of (i). As before, let

S=go-g1-... g, where g; € G, and set S’ = go_lS. Note

I1=15=1S]—1>1logy |G| +1 (4.8)

by hypothesis. By a well-known combinatorial identity (which can be proven using a simple
inductive argument and the correspondence between a subset and its compliment), there are

w2, l=v
-1 __ —
27 =2 (21) B ; <2i+1)

i=0
possible subsets I C [1,1] of odd cardinality, each of which corresponds to the odd length sequence
Sy = Hgi € F(G)
i€l
obtained by selecting the terms of S’ indexed by the elements of I.
Suppose there are distinct subsets I, J C [1,[] of odd cardinality with

o(81) = i = Ygi = (8 (1.9
i€l jeJ
Since I\ J=I\(INJ)and J\I=J\ (I NJ), we can remove the commonly indexed terms
between S} and S, to find

o(Sp) =D gi= Y. g =0 (4.10)

icI\J je\I
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Note, since I # J, that I\ J and J \ I cannot both be empty, while I\ J and J \ I are clearly
disjoint; furthermore, [I'\ J| 4 |J\ I| = |I|+ |J| —2|INJ| is an even number in view of |I| = |J]|
mod 2. Hence
Stnnuonn =SS =11 - 11 9
iel\J  jeJ\I
is a nontrivial subsequence of S" with even length, which, in view of (4.10), has
0= "1gi+ > (-1)-g
iel\J JEINI
as a {£1}-weighted sum. Moreover, since SEI\ DU 18 @ subsequence of S’ with S’ being
a proper subsequence of S, it follows that SE MU\ is a proper {+1}-weighted zero-sum
subsequence of S, yielding (ii). So we may instead assume there do not exist distinct subsets
I, J C [1,1] of odd cardinality satisfying (4.9), that is, there are no such subsets with o(S57) =
a(S%).

Now (4.8) implies that there are 2/~ > |G| subsets I C [1,1] of odd cardinality. If 2/=1 > |G|,
then the pigeonhole principle guarantees the existence of distinct subsets of odd cardinality
satisfying (4.9), contrary to assumption. Therefore we can assume 2/~ = |G|, which is only
possible when equality holds in (4.8):

|S"| = log, |G| + 1 € Z. (4.11)

Moreover, each of the 2/~! = |G| odd length subsequences S} must have a distinct sum from G,
else the argument from the previous paragraph again completes the proof. In consequence, every
element of G is representable as an odd length subsequence sum of S’. In particular, it follows
that there exist odd length subsequences T7 and T of S’ with o(Th) = go and o(T2) = —go,
where (recall) g is the term from S that we removed to obtain S’. Consequently, if T} is a
proper subsequence of S, then goT7 is a proper {£1}-weighted zero-sum subsequence of S of
even length (since the length of T} is odd), while if T5 is a proper subsequence of S, then gyT% is
a proper {+1}-weighted zero-sum subsequence of S of even length (since the length of T5 is odd).
In either case, the proof of (ii) is complete, so we must have S’ = T, = T} with |S'| = |T1| = |15
odd, whence
o(8") = —go = o(T2) = o(T1) = go- (4.12)

If G is an elementary 2-group, then log, |G| is the rank of G, which is assumed odd by
hypothesis. But in this case, (4.11) implies that |S’| = log, |G| + 1 is an even number, contrary
to what we have just seen above. Therefore we may assume G is not an elementary 2-group.

Since every element of G occurs as the sum of one of the |G| odd length subsequences S} of
S’ we conclude that (supp(S’)) = G. Consequently, since G is not an elementary 2-group, it
follows that there must be some y € supp(S’) with

2y # 0. (4.13)
The remainder of the proof now concludes identical to that of part (i).

The proof of part (iii) is a routine simplification of the proofs of parts (i) and (ii).0]
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Next, we give the proof of Theorem 1.3, which is a simple corollary of Proposition 4.1.

Proof of Theorem 1.3. We begin with the first set of inequalities. The upper bound follows from
Lemma 4.1(iii). We turn to the lower bound.

Let e1,...,e, be a basis for G with G = (e1) ® (e2) ®- - - ® (e,) and (e;) = Zyp, fori =1,...,7.
For i € [1,r], define

S; = (2%;) - (2'e;) - (2%¢;) - ... - (2“"32 "iJ_lei) € F((e:))

and then set
S=515"-...- S € F(G).

T
Note |S| = > |logyn;|. Thus it suffices to show S contains no nontrivial {£1}-weighted zero-

=1
sum subsequence. Moreover, since the eq,..., e, form a basis of G, it in fact suffices to show

each Sj, for j =1,...,r, contains no nontrivial {£1}-weighted zero-sum subsequence.
Let j € [1,7] and consider an arbitrary {£1}-weighted subsequence sum of S;, say

[logomyj—1
Z €i2'e;, where ¢; € {—1,0,1} and not all ¢ = 0.
i=0
[logy nj|—1 .
We will show Y €2%; # 0. Let t € [0, |logyn;] — 1] be the maximal index such that

=0
et # 0 and w.l.o.g. assume ¢ = 1 (by multiplying all terms by —1 if necessary). Then

t—1 ' t—1 ' [logy nj|—1 ‘ [logy nj|—1 '
0<1=2"-)"2<2"+ 2= Y 2< > 2<n—1,
i=0 i=0 i=0 i=0
|_log2 an—l .
which shows that )~ ¢2%; # 0 (since ord(e;) = n;). Consequently, S; contains no {+1}-
i=0

weighted zero-sum subsequence, for each j € [1,r], showing that

T

D1y (G) > S|+ 1= ZUogQ n;| + 1.
i=1
To show the second set of inequalities, let S € F(G) be a sequence of length |S| = Dy413(G)—1
containing no {#1}-weighted zero-sum subsequence. It is then clear that the sequence 0" ~19
contains no {£1}-weighted zero-sum subsequence of length n,, showing the first inequality, while
the second inequality follows by the first part.[]

To show that our method can also be used to precisely determine s{il}(G) in certain cases,
we will compute the values of S{il}(Zi) and s{il}(Zg). These will then be used to give a simple
bound for sgy13(Z2) complementing the result of [4]. We begin with the following lemma.

Lemma 4.2. Let G = Z2% and let S € F(G) be a sequence with |S| = 10. Then S contains a
{£1}-weighted zero-sum subsequence T of length |T| € {2,4,8}.
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Proof. We adapt the proof of Lemma 4.1. Let S =g1-g2-...- g10, where g; € G. For j € [0, 10],
let Z; be the set of all subsets I C [1, 10] having cardinality j. We consider X := 7, UZ,. Recall
that we associate each I C [0,10] with the indexed subsequence Sy := [];c;g9; of S. We now
analyze the possible intersection cardinalities between sets I, J € X with
o(S1)=> _gi=Y gj=0(S)) (4.14)
icl jed
Let I, J € X be distinct indexing subsets such that (4.14) holds. Thus, by removing terms
contained in both S; and Sy, we obtain

o(Spa) = Y _gi= Y gi=0(Sn1)

iel\J JEINI
Note, since I # J, that I\ J and J \ I cannot both be empty, while clearly I \ J and J \ I are
disjoint. Hence
Savnun =Sng-Sar= [ g T[ 95 € 7@
i€l\J  jeJ\I
is a nontrivial subsequence of S having
0= > 1.gi+ > (-1)-g
ie\T JEINT
as a {£1}-weighted zero-sum. Assuming by contradiction that S contains no {+1}-weighted
zero-sum subsequence T of length |T'| € {2, 4,8}, we conclude that

ISinnunl = NI+ TN = [I]+ [T =2[T 0 J| & {2,4,8}.
Using the above restriction, it is now easily deduced that

not possible, if |[I| =2 and |J| =2
[INnJ) =4 0, if [I|=2 and |J|=14 (4.15)
1, if [I|=4 and |J| =4
for distinct indexing sets I, J € X satisfying (4.14).

Using (4.15), we proceed to estimate the maximal number of subsets I € X that can simul-
taneously have all their corresponding subsequences Sy being of equal sum. Observe these are
just very particular L-intersecting set system problems over |S| = 10 vertices. To this end, let
I,...,I, € X be distinct indexing subsets with o(S;) = o(Sy,) for all j and k. We proceed

with some useful comments regarding the I; under this assumption of equal sums.

e In view of (4.15), there can be at most one I; with |[;| = 2.

o If (say) |I1| = |I2| = |I3| = 4 with |I; N [a N I3] = 1, then (4.15) implies |} U Iy U I3| =
10 = |S|. Thus, since any further I; with |I;| = 2 must be disjoint from any other I},
(in view of (4.15)), and since |S| = 10 = [I; U Is U I3|, we see in this case that no I;
has |I;| = 2. Therefore, if there is a further I; with j > 4, then it must have cardinality
|I;| = 4, in which case (4.15) shows that I; can contain at most one element from each
set I, Iy and I3. However, since |I; U Io U I3| = 10 = | S|, there are no further elements

to be found, whence |I;| < 3, a contradiction.
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In summary, if three sets I; of size 4 intersect in a common point, then n = 3 and
there are no other indexing sets I; besides these three.

o If (say) |I1| = |I2| = |I3| = 4 with |I; N I3 N I3| # 1, then (4.15) ensures that these sets
lie as depicted in the following diagram, where each line below represents one of the sets
I;, where j € [1,3], with the points contained in the line corresponding to the elements
of I;.

Il 12

I3

FiGure 1. Configuration for 3 intersecting 4-sets with no common intersection

Since (4.15) ensures that any I; with |I;| = 2 must be disjoint from all other I;, we see
there can be no such I; in this case. Using (4.15) and the previous comment, it is now
easily verified that there can be at most two additional I; with |I;| = 4 besides Iy, I>
and I3 (as each of the new points from these additional I}, for j > 4, must avoid points
already covered by two edges, such as the three corners of the triangle depicted above).

In summary, if there are three I; of size 4 that do not intersect in a common point,
then no I; has size |I;| =2 and n <5.

e In view of the previous remarks, we see that if some I; has |I;| = 2, then n < 3 and
all other I, with k # j have |Ix| = 4: the first remark ensures that all other Ij have
|I;| = 4, while the second and third remark combine to imply there are at most two I;
with |I;| = 4.

e Combining the last three comments, we see that if no I; has |[;| = 2, that is, |[;]| = 4
for all 7, then n < 5.

There are ({40) = 210 subsets I € 7, and (120) = 45 subsets I € Z,. Clearly, many of their
corresponding sequences Sy must have common sum as there are only |G| = 64 sums to choose
from. It is clear, from the final two comments above, that in order to minimize the number of
sums spanned by all I € X = 7, UZ,, we must pair each J € Zy with two I, I’ € 7, (to form
a grouping corresponding to some distinct sum from G) and then take all remaining (unpaired)
I € 7, and put them into groupings of 5 (with one leftover remainder group possible, and each
of these groupings corresponding to some distinct sum from G). In other words, there are at
least 45+ %(210 —2-45) = 69 distinct sums covered by the the sets I € X. However, since there

are only |G| = 64 < 69 sums available, this is a contradiction, completing the proof (essentially,
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one of the intersection conditions given by (4.15) must actually fail, which then gives rise to the
weighted zero-sum subsequence of one of the desired lengths).O]

As promised, we now compute the values of s{ﬂ}(Zi) and s{il}(Zg) and use them to give a
simple upper bound for s{il}(Z%). The method below could also be iterated to obtain progres-
sively better bounds for larger u = va(n). However, in view of the results of the next section,

we do not expand upon this.

Theorem 4.3. Let n € Z*. Then sgy1y(Zn ® Zn) < 2n+ 1. Indeed, letting u = va(n) denote
the mazimum power of 2 dividing n, we have the following bounds:
(i) s(213(Z3) =5, 541y (Z3) = 8 and s41y(Z§) = 14.
(i) If u <1, then sgi1y(Z2) < 2n+1.
(iii) If u = 2, then sgyqy(Z2) < 2n.
(iv) If u > 3, then s{il}(Z%) < Bn41.

Proof of Theorem 4.3. As mentioned in the introduction, if n is odd, then
sge(Z5) =2n—1<2n+ 1. (4.16)

Thus we restrict our attention to the case n even.

We proceed to prove part (i), which contains the crucial basic cases used in the inductive
approach. The case Z3 is covered by (4.1), so we begin with Z3.

By Theorem 1.3, we have s;;y(Z3) > 4+2-2 = 8. It remains to show sgy1)(Z3) < 8.
Note exp(Z32) = 4 and log,|Z3| = 4. Let S € F(Z3) be a sequence with length |S| = 8.
Applying Proposition 4.1(ii) to a subsequence of S of length 6, we obtain a {+1}-weighted
zero-sum subsequence T of S with length |T'| € {2,4}. We may assume |T| = 2, else the
desired length weighted zero-sum subsequence is found. But now, applying Lemma 4.1(ii) to
TS, we likewise obtain another {41}-weighted zero-sum subsequence 17" of T~!S with length
|T'| = 2, and then TT" is a {£1}-weighted zero-sum subsequence of S with length 4. This shows
sgx1}(Z7) <4+2-2=38

We continue with the case Z3. By Theorem 1.3, we have s;y13(Z3) > 842-3 = 14. It remains
to show s;113(Z3) < 14. Note exp(Z§) = 8 and logy |Z§| = 6. Let S € F(Zg) be a sequence
with length |S| = 14 and assume by contradiction that S contains no {£1}-weighted zero-sum
subsequence of length 8.

Case 1: There exists a {£1}-weighted zero-sum subsequence Sy of S with length [Sp| = 2.
Let R be a maximal length subsequence of S such that |R| is even and, for every n € [0, |R|]N2Z,
R contains a {£1}-weighted zero-sum subsequence T,, of length |T},| = n. In view of the case
hypothesis, R exists with |R| > 2. Note |R| < 6, else R, and hence also S, contains a weighted
zero-sum subsequence of length 8, as desired. Thus |[R™1S| = |S| — |R| > 14 — 6 = 8. Applying
Proposition 4.1(ii) to a subsequence of R~1S of length 8, we obtain a {+1}-weighted zero-sum
subsequence T of R~1S with length |T| € {2,4,6}.

Suppose |T'| < |R| + 2. Then define R’ = RT. For every n € [2,|R|] N 2Z, we see that R, and
hence also R/, contains the {£1}-weighted zero-sum subsequence T), of length |T,,| = n. On the
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other hand, since |T'| < |R|+2 and |R]| is even, it follows that every m € [|R|+ 2, |R|+ |T||N2Z

can be written in the form
m=|T|+n with ne€[|R|—|T|+2,|R|] and n > 0.

Thus, since |T| is even, it follows that the subsequence T, T of RT is a weighted zero-sum
subsequence of length m € [|R|+2,|R|+|T|]N2Z, in which case RT' contradicts the maximality
of R. So we conclude that |T'| > |R| + 4 > 6.

Hence, since |T'| € {2,4,6}, we see that T|R™1S is a weighed zero-sum subsequence of length
|T'| = 6. But now, since |R| > 2, it follows, by the defining property of R, that there exists
{£1}-weighted zero-sum subsequence T|R with length |T5| = 2, whence 15T is a {+1}-weighted
zero-sum subsequence of S with length |T5| 4 |T'| = 2 + 6 = 8, as desired. This completes the

case.

Case 2: There does not exist a {£1}-weighted zero-sum subsequence Sy of S with length
|So| = 2. Since we have assumed by contradiction that S contains no weighted zero-sum subse-
quence of length 8, and in view of the hypothesis of the case, we see that applying Lemma 4.2
to a subsequence of S of length 10 yields a {£1}-weighted zero-sum subsequence T of S with
|T| = 4. Noting that |T-1S| = 10, we see that a second application of Lemma 4.2 to T—1S
yields another {£1}-weighted zero-sum subsequence 7”|T~1S with |T'| = 4. But now T1" is a
{£1}-weighted zero-sum subsequence of S with length |T'| + |T”| = 4 + 4 = 8, as desired, which
completes the proof of part (i).

Next we prove part (ii). In view of part (i), we have s;y13(Z3) = 5 = 2n + 1. Thus, in
view of (4.16), we may assume n = 2m with m > 1 odd. Let ¢ : Z3  — m-Z3  denote the
multiplication by m homomorphism, which has kernel ker ¢ = Z2 and image p(Z3,) = Z2.
Note

S| =1p(S)|=2n+1=2(2m —2) +5.

Thus, iteratively applying the definition of s{il}(Z%) =5 to the sequence ¢(S), we find 2m — 1
subsequences Si,...,S2,—1 € F(Z3,,), each of length |S;| = 2, such that SS9 - ... Sopm_1|9
and each S; has a {£1}-weighted sum z; € kerp = Z2. Observe, by swapping the signs on
every term of S;, that —z; € ker p = Z2, is also a {#+1}-weighted sum of S;. Now applying the
definition of 5{11}(2%1) =2m — 1 (see (4.16)) to the sequence 1 - ...  Tom—1, we find an m-term
subsequence, say T - .. .- Zm;,, having 0 as a {£1}-weighted sum. However, since each +x; was a
{£1}-weighted sum of the subsequence S;, we conclude that the subsequence Sj - ... - S;,|S has
0 as a {£1}-weighted sum. Since each S; has length 2, we see |S; - ... Sp| = 2m = n. Thus
Sy ... Sy is a {£1}-weighted zero-sum subsequence of S with length n, as desired.

Next, the proof of part (iii). Let n = 4m with m odd. By part (i), we know s;;1}(Z3) =
8 = 2n. Thus we may assume m > 1. Let ¢ : Z3, — m - Z3, denote the multiplication by m
homomorphism, which has kernel ker ¢ = 72, and image @(Zim) =~ 72, Note

1] = |p(S)| = 2n = 4(2m — 2) + 8.
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Thus, iteratively applying the definition of s{il}(Zi) = 8 to the sequence (5), we find 2m — 1
subsequences S, ..., Sam—1 € F(Z3,), each of length |S;| = 4, such that S1S3-.. .- Sa,—1]S and
each S; has a {#1}-weighted sum z; € ker ¢ = Z2,. Then, as in part (ii), applying the definition
of sp113(Z2,) = 2m — 1 (see (4.16)) to the sequence x1 - ... - &3y, 1 yields a subsequence (say)
Si-...-Sm|S which is a {£+1}-weighted zero-sum subsequence of length |Sy-...- Sy, | = 4m =n,
as desired.

Finally, we conclude with the proof of part (iv). Let n = 8m with m € ZT. If n = 8, then
part (i) implies sg41)(Z3) = 14 < Bn+1=16. We proceed by induction on n. Let S € F(Z2,,)
be a sequence with |S| > %n +1=15m+1. Let ¢ : G — 8- G be the multiplication by 8 map,
which has kernel ker ¢ & Z2 and image ¢(Z3,,) = 8 - Z2,, = Z2,. By induction hypothesis or
parts (ii) and (iii), we conclude that s{i}(C?n) < 2m + 1. Note

15| = |o(S)| = 13m + (2m + 1).

Thus, iteratively applying the definition of s{il}(an) < 2m+1 to the sequence ¢(S), we find 14
subsequences S, ..., 5,1 € F(ng), each of length |S;| = m, such that 5155 -...-S14]S and
each S; has a {£1}-weighted sum z; € ker ¢ = Z2. Then, as in parts (ii) and (iii), applying the
definition of s{il}(Zg) = 14 (from part (i)) to the sequence 1 -. .. 14 yields a subsequence (say)
Si-...-Ss|S which is a {£1}-weighted zero-sum subsequence of length [S - ... Sg| = 8m = n,
as desired.l]

5. PLus-MINUS WEIGHTED ZERO-SUMS: ASYMPTOTIC BOUNDS

For the proof of Theorem 1.2, we will need to make use of several results from the theory of
L-interesting set systems. The following is now a well-known result from this area. See [19] for
the original ¢-design formulation, [12] for a more general mod p formulation, and [2] for a yet

more general result.

Theorem 5.1 (Uniform Frankl-Ray-Chaudhuri-Wilson Theorem). Let k, n € Z* be integers,
let F be a collection of k-element subsets of an n-element set, and let L C {0,1,2,...,k—1} be
a subset. Suppose

|[ENE'| €L for all distinct E, E' € F.

Then |F| < (|Z\)'

We will also need a more recent prime power version of the Nonuniform Frankl-Ray-Chaudhuri-
Wilson Inequality [8]. To state it, we must first introduce the following definition. We say that
a polynomial f € Z[x] separates the element o € Z from the set B C Z with respect to the
prime p if

vp(f(a)) < min v,(f(D)).

beB
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Theorem 5.2. Let p be a prime, let ¢ = p* with k > 1, and let K and L be disjoint subsets of
{0,1,...,9—1}. Let F be a collection of subsets of an n-element set. Suppose

|E| € K+qZ forall E€F and
|[ENE'| € L+qZ for all distinct E, E' € F.

Then |F| < (p) + (p*) + ...+ (§), where D < 2L=1 s the mazimum over all o ¢ L of the

minimal degree of a polynomial separating the element o from the set L + qZ with respect to p.

The following lemma was originally obtained by the third author Z. W. Sun [22, Remark 1.1].
We include the short proof here. For the proof, it will be useful to have the following notation

for the number of subsets of an n-element set with size congruent to » modulo m:

.- ()

i=r mod m

Lemma 5.3 (Sun[22]). Let m € Z*. For any n € Z", we have

e, 25

b2 L] 22

Proof. By convention, we may set (?) =0 for i« < 0 and ¢ > n, and then the summation in the

and, furthermore,

definition of mm may run over all ¢ € Z congruent to » modulo m. Thus, the basic binomial
identity (:f) = (”_1) + (”_1), for n > 2, implies that the same identity holds for the mod m

r r—1

[ﬂmz[n;l]er[::ﬂm for n > 2. (5.2)

n
n—r

GRARAE

Together, both these identities, along with a simple proof by induction on n (explained below),

binomial sums:

Likewise, the other basic binomial identity (:f) = ( ) implies that

can be used to show (5.1).

While the inductive proof is fairly straightforward, it makes use of the fact that the symmetry
pairings given by (5.3) do not align in the way they do for the usual binomial coefficients. The
diagrams in Figure 2 illustrate this point. In all of the diagrams in Figure 2, the bracketed area
corresponds to interval of validity for (5.1), the points correspond to values of mm, where r
varies in the picture, and the points joined by arcs correspond to values of [:f] ., Which are equal
via the relation (5.3). Boxed points are those for which n —r =n mod m, and thus for those
points self-symmetric with regards to the relation (5.3).

For n = 1 and n = 2, the relation (5.1) is clear. This completes the base case. Then, using

the relation (5.2), we see that [ril]m > mm is equivalent to showing [lel]m > [Z:ﬂm By
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(ff S )

]
- ot 2 4 g2
n 1s odd and m is even
(f... R \\ .
" e e el ng 4 e
n i1s odd and m is odd

((fmffma\m\\m

r: n—2 n n+2 %+ —

2 2 2
n is even and m is odd
( / 4 [@ N \ \ 1 ol
T n2 3 2 5+ %

n is even and m is even

FIGURE 2. Symmetry of mm based on the parity of n and m

induction, this holds so long as r 4+ 1 and r — 1 stay within the range for which (5.1) is valid for
n—1. However, if this is not the case, then either r+1 is one too large, in which case (5.3) implies

[’Z;ﬂm = [”;1]m, or else 7 — 1 is one too small, in which case (5.3) implies [Z:ﬂm = [”;1]7”;

see the Figure 3 for the illustration of this point, wherein the parenthesis mark where the old

interval of validity of (5.1) using n instead of n — 1 was. Thus, replacing Bﬁﬂm by [";l]m and

[?:ﬂm by [”;ﬂm as need be, the values now fall within the range of validity for (5.1), whence
applying the induction hypothesis completes the proof of (5.1).

However, as is clear from the diagrams in Figure 2, for every r, the range of validity of (5.1)

n

includes either [] or [ "

] . Consequently,

hngw]m - [”L
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([ ( rm o ) \11@

n—3 n—1 nt1 n+3 n— m
r 2 2 2 2 T T2
n is odd (n — 1 is even) and m is even

. -3 n—1 n+1 n+3 n—1 —1
T S s 7t
n is odd (n — 1 is even) and m is odd
( ( I / N ) \E ? e
T % n+2 n— m2 1

n is even (n — 1 is odd) and m is odd

(. ffm\m\ W *)

(n— 1)+1

N’\S

n
" 2
n is even (n — 1 is odd) and m is even

FIGURE 3. Symmetry of [” 1] based on the parity of n and m

and thus [L& J] is at least the average of the m values m , which means
2 m m

] =250 -5 () -

as desired. As mentioned in [22, Remark 1.1], for m > 3 and n > m — 1, the inductive proof of
(5.1) given above can be used to show that all of the inequalities in (5.1) are in fact strict.[]

With the above tools in hand, we now conclude with the proof of Theorem 1.2. With regards
to asymptotic notation, recall that f(x) = O(g(x)) means that there exists a constant C' > 0
such that |f(z)| < C|g(z)| for all sufficiently large values of x, while f(z) = Q(g(x)) means that
there exists a constant C' > 0 such that |f(x)| > C|g(x)| for all sufficiently large values of z,

where f and g are functions.
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Proof of Theorem 1.2. If |G| = 2, then log, log, |G| = 0 and s;11,(G) = 3 = exp(G) + logy |G|.
Thus the Theorem holds for any constant C;, and so we may assume |G| > 4. In this case,
logs logy |G| > 1, and thus it suffices to prove the existence of C, when exp(G) > ny is sufficiently
large, as then s;41}(G) < exp(G) +logy |G|+ C logy logy |G|+ Cy, where C). > 0 is the maximum
of s{111(G) over all G of rank rk (G) = r and even exponent exp(G) < ng, and replacing C; by
C, + C gives the desired constant that works for all G.

The rank r > 1 will remain fixed throughout the argument. Let G be a finite abelian group
of rank 7 and exponent n = exp(G) even. Let m = 2"+1. Note m depends only on r, and can
thus be treated as a constant with regards to asymptotics. We divide the proof into four parts.

Step 1: There exists a constant C' > 0, dependent only on r, so that any sequence S € F(G)
with |S| > Cn™/("*+1) contains a {£1}-weighted zero-sum subsequence of length m.

First let us see that it suffices to prove that |S| > C’n'/("*1) implies S contains an {+1}-
weighted zero-sum subsequence 7' of length |T| € {2',22,...,2"t1}, Indeed, if we know this to
be true, then, for any sequence S € F(G) with

S| > (O + (r + )27/ O+D > o/ G+ 4 (4 1)2r+,

we can repeatedly apply this result to S to pull off disjoint weighted zero-sum subsequences
Tl,...,T'l WltthTHS,

Ty ... Ty > (r+1)27T1, (5.4)
and |T;| € {2!, 22,...,2""1} for all 4. If S contains no such subsequence of length 2"+1, then less
than 27177 of the T} can be of length 27, for j = 1,2,...,r + 1 (else concatenating a sufficient

number of these T} would yield a weighted zero-sum of the desired length 2"+1). Consequently,

r+1
Ty T <> 2790 = (r g 1)27
j=1
contradicting (5.4). Thus the step follows with constant C’+ (r41)2"*!, and we see it suffices to
prove |S| > C'n"/*1) implies S contains an {+1}-weighted zero-sum subsequence T of length
IT| € {21,22,...,2" "1} as claimed.

Let S =¢g1-92- ... gv, where g; € G. Let X be the collection of all subsets I C [1,v]
having cardinality 2". Recall that we associate each I C [1,v] with the indexed subsequence
St :=1ler9i of S. If 0(Sy) = 0(S) for distinct I, J € X, then, by discarding the commonly
indexed terms (as we have done several times before in Section 4), we obtain a {£1}-weighted
zero-sum subsequence Sp\ - Sy of S with length

[I|+|J|=2[INnJ =m—=2[INJ|.

Assuming by contradiction that S contains no {+1}-weighted zero-sum subsequence T with
length |T'| € {2,22,...,2"1} and recalling that m = 2"+, we conclude that

InJlel:= [0,2’“—1]\(%—{20,21,...,2’“})
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whenever o(S7) = 0(Sy) with I, J € X distinct; note |L| = 2" — r — 1. This allows us to
give an upper bound on how many distinct I € X can have equal corresponding sums. Indeed,
Theorem 5.1 shows that there can be at most (@ = (QT—UT—I) indexing sets from X having

equal corresponding sums. Since |X| = (21;), this implies there are at least

() 8 ) =ow

distinct values attained by the o(Sy) with I € X. Since there are at most |G| < exp(G)" = n"
values in total, we conclude that
n’ = Q(vr+1)7

which implies v < Cn™ "1 for some constant C' > 0 (the above asymptotic notation holds for
v sufficiently large with respect to 7, which is a fixed constant). Thus, if |S| > Cn™/ "+ then
S must contain a weighted zero-sum subsequence of one of the desired lengths, completing the
step as noted earlier.

Step 2:  There exists a constant C’ > 0, dependent only on r, so that any sequence
S € F(G) with |S| > C'n™/"+1) contains a {+1}-weighted zero-sum subsequence T of length
|T| =n mod m and |T| < (r + 1)m.

The proof is a variation on that of Step 1. Let S = g1-g2-...- gy, where g; € G. Let a € [1,m]
be the integer such that n = @ mod m. Note, since n and m are both even, that o must be
an even number—this is the only place where the hypothesis regarding the parity of n will be
used. Let X be the collection of all subsets I C [1,v] having cardinality 3(« 4+ rm), which is
an integer as both o and m are even. Recall that we associate each I C [1,v] with the indexed
subsequence St := [[;c; i of S. If 0(Sr) = o(S) for distinct I, J € X, then, by discarding
the commonly indexed terms, we obtain a {+1}-weighted zero-sum subsequence Sp\ ;- S\ of
S with length

[I|+|J| =2/ INJ|=a+rm—2[INJ|.
Assuming by contradiction that S contains no {+1}-weighted zero-sum subsequence T' with
length {a, & + m,a + 2m, ..., +rm} and recalling that m = 2"*!, we conclude that

InJler:= [0,%(a+rm)—1]\{(r—j) G =0,1,....7)

SE

whenever o(S7) = o(Sy) with I, J € X distinct; note [L| = (o +rm) — r — 1. This allows
us to give an upper bound on how many distinct I € X can have equal corresponding sums.

Indeed, Theorem 5.1 shows that there can be at most (|Z|) = ( _1) indexing sets from

v
%(a-{—rm)—r

Y ), this implies there are at least

%(aJrrm)

(sto o) Gy 1) =907

distinct values attained by the o(Sy) with I € X. Since there are at most |G| < exp(G)" = n"
values in total, we conclude that

X having equal corresponding sums. Since |X| = (

n’ = Q(v”‘l),
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which implies v < C'n™/("+1) for some constant C’ > 0. Thus, if [S| > C'n™/*+D then S must
contain a weighted zero-sum subsequence of one of the desired lengths, completing the step.

Step 3: There exists a constant C” > 0, dependent only on 7, so that any sequence S € F(G)
with |S| > logy |G| + C"logy logsy |G| contains a {+1}-weighted zero-sum subsequence T’ with
length |[T| =0 mod m and |T| < log, |G| + C" log, log, |G].

Suppose we can show that, for any sequence S € F(G) with

S| = v > log, |G| + C"log, log, |G| (5.5)

and
v=0 mod 2?2 = 2m, (5.6)

there is a weighted zero-sum subsequence of S with length congruent to 0 modulo m. Then,
since any sequence S with |S| > log, |G| + C"log, log, |G| + 2m contains a subsequence S with

log, |G| + C'logy logy |G| < S| < log, |G| + €' logy logs |G| + 2m + 1

that also satisfies (5.6), and since any weighted zero-sum subsequence of S’ has length trivially
bounded from above by |S’| < log, |G| + C"log, log, |G| + 2m + 1, we see that the step holds
setting C” = C" 4+ 2m + 1 (in view of logylog, |G| > 1). We proceed to show this supposition
true.

To that end, let S = g1-g2-...- gy, where g; € G, be a sequence satisfying (5.6), in which case
|24 | =0 mod m. Let X be the collection of all subsets I C [1,v] having cardinality |I| = 0
mod m. In view of (5.6) and Lemma 5.3, we find that

2’[}
1X| > = =2v "L (5.7)
m
Recall that we associate each I C [1,v] with the indexed subsequence Sy := [[,c; gi of S.

If (S1) = 0(Sy) for distinct I, J € X, then, by discarding the commonly indexed terms, we
obtain a {£1}-weighted zero-sum subsequence Sp\ ;- Sy s of length

[I|+|J|—2|INJ]|.

Hence, since |I|+|J| =0+0 =0 mod m, we see that Sp ;-5 ; will be a {£1}-weighted zero-
sum of length congruent to 0 modulo m provided [INJ| =0 mod . Therefore, assuming to the
contrary this is not the case, we conclude that |[INJ| € L, where L ={1,2,3,...,2" =1} +2"Z,
whenever o(S7) = o(Sy) with I, J € X distinct.

This allows us to give an upper bound on how many distinct 7 € X can have equal corre-
sponding sums. Indeed, since all I € X have [I| =0 mod m = 2"T! we see that all I € X have
I € K +2"7Z, where K = {0}. Moreover, the polynomial f(x) = H?;Il(x — 1) shows that 0 can
be separated from {1,2,3,...,2" — 1} 4+ 2"Z with respect to p = 2 using a polynomial of degree

m

D = 2" — 1. Thus, applying Theorem 5.2 with ¢ = p* = 2" = % and using (5.7), we see that

oy ($0)) s

(2

there are at least
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distinct values attained by the o(Sy) with I € X. Hence, since there are at most |G| values in

total, we conclude that
2v—r—l

G| >C (5.8)

D
v
for some C' > 0 when v > vy, where vg > 0 is some constant depending on the fixed constant r
(using D =2" —1).

Recall, since |G| > 4, that

logy |G| > 2 and log, |G| > logy log, |G| > 1. (5.9)
Let
v = D+ max{0,logy(1/0)} € Z7.

Now 27 is larger than (z + v + r + 2)? for sufficiently large z. Thus, let ¥ > vg be an integer
such that

2> (z+y+r+2)P forallz >y (5.10)

and consider C' =y +~v+7r + 1.
Suppose |S| = v > log, |G| + C"log, log, |G|. Then
v =log, |G| + (x + v+ r + 1) logy logy |G| > v
for some real number x > y, and using (5.9), we derive that
2Tl = |Gt D oz logs |Gl-r—1 5 0| |o(e+) logz log |G

C|G|(logy |G)**7 = C|G|(logs |G])" (logy |G )" Hmex{Ologa(1/€)}
> C|G|(logy |GI)P2rmax{Oloe(l/O} > 97 (log, |G)) PG, (5.11)

and that, again using (5.9),
v? = (logy |G| + (x + 7+ 7+ 1) log, log, |G|)”
< ((x4+~v+71+2)log, \G!)D =(x+~vy+r+ 2)D(log2 ]G\)D. (5.12)
Combining (5.11) and (5.12) and using (5.10) and z > y, it follows that

2t 2(logy |GDPIGL 2
v T @ty +r+2)P(logy [G)P T (z v+ 7+ 2)

¢ 5 Gl > 1G],

contradicting (5.8). Thus we see the constant C’ for (5.5) exists, completing the step as remarked

earlier.

Step 4: There exists a constant C, > 0, dependent only on r, so that, for sufficiently large
n, any sequence S € F(G) with |S| > n + log, |G| + C; logy log, |G| contains a {£1}-weighted
zero-sum subsequence 7' with of length |T'| = n.

Note that this step will complete the proof, for as remarked at the beginning of the proof,
it suffices to prove the theorem for sufficiently large n. For this reason, we may also assume
n > (r+1)m. Let C, C' and C” be the respective constants from Steps 1, 2 and 3. We will
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show that S € F(G) contains a {£1}-weighted zero-sum subsequence of length n provided the
length of S satisfies the following three bounds:

S| > C'n/0HD) (5.13)
15| > On/0tY 4 (4 1)m + log, |G| + C" log, log, |G, (5.14)
S| > n—m+logy |G|+ C"log,log,y |G- (5.15)

Since, for sufficiently large n, the bound given in (5.15) is the maximum of the three bounds, we
will subsequently be able to conclude |S| > n—m+log, |G|+ C” log, log, |G|, for large n, implies
S contains a weighted zero-sum subsequence of length n, completing the proof. We continue by
showing (5.13)—(5.15) indeed guarantee a length n weighted zero-sum subsequence.

In view of (5.13) and Step 2, we see that S contains a weighted zero-sum subsequence Ry
with

|[Ro| =n mod m and |Ro| < (r+1)m <n. (5.16)

In view of (5.14), we see that repeated application of Step 1 to Ry 1S yields series of length m
weighted zero-sum subsequences, enough so that there exists a subsequence R of R 1S with

R| > log, |G| + C"log,log, |G| and |R| =0 mod m
2 2 1089

such that, for every k € [0,|R|] "' mZ, there is a {£1}-weighted zero-sum subsequence T}, of R
with length |T}| = k. Choose such a subsequence R of Ry'S with length |R| maximal. Since
|Ro| =n mod m with |Ry| < n (in view of (5.16)), we see that n = |Rg| + ym for some y € N.
Thus |RyR| < n — m, else the proof is complete.

In view of |RoR| < n —m and (5.15), we see that

|Ry'R™1S| > log, |G| + C" logy log, |G
Hence, applying Step 3 to Ry 'R=1S, we find a nontrivial weighted zero-sum subsequence T of
Ry'R™S with |T| =0 mod m and

IT| < log, |G| + C" log, log, |G].
We claim that RT contradicts the maximality of |R|, which, once shown true, will provide the
concluding contradiction for the proof.
Since |R| = |T| =0 mod m, we have |RT| =0 mod m, while
ITR| > |R| > log, |G| + C"log, log, |G.

For every k € [0,|R|] N mZ, the weighted zero-sum subsequence T divides R, and hence also
RT, and is of length |Ty| = k. Since

R| > log, |G| + C"log, log, |G| > |T| — m,
2 2 1087

it follows that every ¢t € [|R| + m, |R| + |T|] "' mZ can be written in the form ¢ = k + |T'| with
ke [|R| —|T| + m,|R|| N mZ C [0,|R|] N mZ. Hence the subsequence T;T of RT is a weighted
zero-sum subsequence of length ¢ € [|R| +m,|R| + |T'|] N mZ, which shows that the subsequence
RT of Ry 1S indeed contradicts the maximality of |R|, completing the proof.O]
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