arxXiv:1410.6136v1 [math.RA] 22 Oct 2014

Kummer Spaces in Cyclic Algebras of Prime Degree

Adam Chapman
Department of Mathematics, Michigan State University,tEansing, M| 48824
David J. Grynkiewicz
University of Memphis, Department of Mathematical ScisnMemphis, TN 38152, USA
Eliyahu Matzri

Department of Mathematics, Ben-Gurion University, Belee\&, Israel

Louis H. Rowen, Uzi Vishne

Department of Mathematics, Bar-1lan University, ramatad#90002, Israel

Abstract

We classify the monomial Kummer subspaces of division cyalljebras of prime
degreep, showing that every such space is standard, and in parntitwdadimen-
sion is no greater thap+ 1. It follows that in a generic cyclic algebra, the dimen-
sion of any Kummer subspace is at mpst 1.
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1. Introduction

Given an integen and a central simple-algebraA whose degree is a multiple
of n, ann-Kummer element is an element A satisfyingv" € F* andv" ¢ F for
any 1< n’ < n. (We omitn when it is obvious from the context.) These elements
play an important role in the structure and presentatiorthede algebras. For
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example, in case ded) = nandF is a field of characteristic prime tocontain-
ing a primitiventh root of unity,A is cyclic if and only if it contains a Kummer
element. Without roots of unity, this equivalence holds whés prime, but there
are counterexamples for genenalSee 1)

A Kummer subspace & is anF-vector subspace where every € V\ {0} is
Kummer. In casé- is of characteristic prime to containing a primitiventh root
of unity p, every cyclic algebra of degreeoverF can be presented as

FIXyIX"=a, y" =8, yxy ' = pX

for somea, B € F*. AssumeA is a tensor product ah cyclic algebras of degree
noverF, and fix a presentation

m
A= ® FIX Vi X = @6 Vi = Bro Yok = pXid.-
k=1

Definition 1.1. A monomial Kummer subspaceof A (with respect to that fixed
presentation) is a Kummer space spanned by elements ofrthg f(, xﬁkyﬁk for
somel < ag, by, ...,anbm<n—-1

Assume from now on that = pis prime. In M], the author made use of
the existence ofip + 1)-dimensional monomial Kummer spacesArio prove
that the symbol length of any central simBlealgebras is bounded from above by
p'~! - 1 whenF is aC, field. We are interested therefore in the maximal possible
dimension of Kummer spaces in general, and monomial Kumpeszes in par-
ticular. Another motivation comes from the generalizedt@id algebras: ip+ 1
is indeed the maximal dimension of a Kummer space in a cyldetma of degree
p, as we conjecture, then the &tird algebra of a nondegenerate homogeneous
polynomial form of degreg in more thanp + 1 variables cannot have simple
images of degre@. (See|[CV1P] for more information on generalized fi@id
algebras.)

In tensor products ah quaternion algebras, the dimension of Kummer spaces
is bounded by &h+ 1. This is an immediate result of the theory of f&@ird al-
gebras of quadratic forms. (S@ﬂﬂ for further infotiora) The Kum-
mer subspaces of cyclic algebras of degree 3 were classif ], and then
in [lMMlZﬂ and lMMlA], using techniques of composition algab suggested by
J.-P. Tignol. The monomial Kummer subspaces of the tensatyat ofm cyclic
algebras of degree 3 were classified Cha], establishmgpper bound of
3m+ 1. This upper bound holds also for non-monomial Kummer spatc¢he
generic tensor product of cyclic algebras.
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In this paper we study Kummer subspaces in cyclic algebraegieep for
any primep. We prove that the dimension of monomial Kummer spaces ih suc
algebras is bounded hy+ 1. The proof of this algebraic fact requires a nontrivial
result from elementary number theoﬂmm], see é@b. [E&nally, we prove
in Section[# thatp + 1 is the upper bound for the dimension of any Kummer
subspace in the generic cyclic algebra.

2. Kummer subspaces

Let p be a prime numbeF, be a field of characteristic either O or greater than
p containing a primitivepth root of unityp, andA be a cyclic division algebra of
degreep over F. The varietyX, of all Kummer elements i\ is defined by the
conditions; = --- = 5.1 = 0, wheres are the generic characteristic ¢deents.
We assume that > 5.

2.1. Standard Kummer subspaces
Let x € Xa. Forany 1< k < p- 1 we set

Vi(X) = FX+ {we A: wx = p*xw}.

Proposition 2.1. Fix k.

1. For every xe Xa, Vk(X) is a Kummer space.
2. The Kummer spacelk) determines x up to a scalar factor.

Proof. Let x € Xa. By the Skolem-Noether Theorem, there is a Kummer element

y such thatyxy* = px, and thenV,(X) = Fx + F[X]y*. For everyc € F[X],

(X+CY)P = XP + Ny (QY<P € F, proving thatFx + F[X]y* is a Kummer space.
Suppose/i(X) = Vi(X) for x, X € Xa. As before lety,y’ € Xa be elements

such thatyxy! = px andy' Xy = pX. Let o denote the automorphism &fx]

induced by conjugation by. Sincex’,y € Vi(X), we can writex' = ax + wy and

y =Bx+wyfora,B e F andw,w € F[X]. The conditiony’x’ = pX'y’ gives

aBXP+(BXW + paXW)y + W o(W)y?
= paPXZ + (P*BXW+ paXW)y + pwo (W)Y?,

which impliesaB = 0. If 8 # 0 thena = 0 impliesw = 0, which is impossible.
Therefores = 0, and the remaining equation is

1)

Wor(w) = pwo (W),
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from which it follows thatw € Fxw. But sincexy e Vi(X) = Vi(X), the
codficient ofy? in X'y must be zero, and henger(w) = 0. Howeverw # O,
and thereforex’ € Fx.

The general argument is obtained by replagingth pX. |

Definition 2.2. A Kummer subspace ¥ A is calledstandard if it is contained
in a space of the form¥x) for some Kummer element x a@&k k < p— 1.

2.2. Criteria for being Kummer

In order to simplify the expressions, we adopt the follonsggimetric product
notation from 7]: Givervy,...,v € A letv} = --- =V} denote the sum
of the products of the elements, ..., Vi, Vo,..., Vo, ..., W, ...,V in all possible
rearrangements, where eaghappears exactly times. The superscript = 1
is omitted, so for examplg! = y> = x * y°. The exponentiation notation is used
strictly in this sense. We use parentheses when the syntnpetduct is applied
to monomials. For instancexy)? = (y°) = x8y® + x3y°x3 + y°x°.

Proposition 2.3. Let w,...,Vv; € A. The subspace ¥ Fv; + - - - + Fv; is Kummer
if and only if _ _
v’ll VA =

foreveryi,...,ig>0withiy +---+i; = p.

Proof. By definitionV = Fv; +- - - + Fv, is Kummer if and only if13vy + - - - + A
is Kummer for everyi,, ..., A, € F, i.e.

SinceF is infinite, the latter is equivalent to having the ﬁixeientsv‘ll K oee ek vit
inF. ]

Remark 2.4. Assume that Fy+ FV is Kummer where v and vommute. Then v
and Vv are linearly dependent.
Indeed, ptiv =vP1lxv eF,sovlv eF.

Theorem 2.5. For every xe X and k, \{(X) is maximal with respect to inclusion
as a Kummer subspace.



Proof. The proof appears in a more general conteCha]. As befaufices
to prove thaw/;(x) is maximal. Lety be an invertible element such thyaty ! = pXx,

so thatV = Vi(X) = Fx+ F[X]y. Letz € A, and assum¥ + Fzis Kummer; we
need to show that € V. Write z = 322 572 0,13V for aqp € F. (We have
ago = 0 because Tg) = 0.) For everya, b, there exists somé = 0 (modp)

such that®y®* € V: If b # 0 then takef = b~ (mod p). Otherwise také = a™*

(mod p). For anya andb,

D7 e ()P (X)) = (Y)Y (XY
ij ij

= &Yy )PlezeF
The codficient of x(-9y*(1-9 in this sum is

@ap(X¥Y*)P 5 (0CY°) = paap(¥y>)P = p(x*)¥ (Y*)* aap.
so if the monomiak®y® is not inV, then¢ # 1 and necessaril,, = 0. Conse-
guentlyze V. |

We conclude this section with another criterion for a subsgga be Kummer.
We denote the reduced trace by-Jr(

Lemma 2.6. Letb,...,b, € A. The subspace ¥ Fb; + --- + Fby is Kummer if
and only ifTr(b}! = --- = by") = Ofor every i,...,i; > Osatisfying i +--- +i; < p.
Proof. An elementx € A is Kummer if and only if Tr§) = 0 for everyi =
1,...,p— 1. The rest of the proof is the same as in Propositioh 2.3. m|

The usefulness of the second criterion is emphasized inolleing obser-
vation:

Lemma 2.7. Fix a presentation A= F[x,y|xP = a,y? = B,yxy! = px]. Let
Vi,...,Vy be monomials. Then, for eveny i..,i; > O with iy +--- + iy < p,
V- %\ is a nonzero multiple ofjv: - - Vj'.

Proof. Since eacly; is monomial, the multiplicative commutator of everyv;

is a power ofo. Therefore, each summand in the symmetric progiet- - - + \{
is a multiple ofv!! - - - v by some power gb, and when we write

\/f*"'*\’ltlzc'\/f"'\/ltt,

we have that € Z[p] (more precisely in the image @qp] in F). o
Modulo 1-p, cis equivalent to the number of summands, nameky('li;:::j:‘)

inthe quotienZ[p]/(1-p)Z[p] = Z/pZ. But the multinomial coficient is nonzero
modulop becausei{ + - - - + iy)! IS prime top. O
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3. Monomial Kummer subspaces

Fix a presentation
A=Fxylx*=a,y? =B.yxy* = pX.

Recall that a Kummer subspadec Ais monomialif itis spanned by elements of
the formx'y!. In this section we classify monomial Kummer subspacesysitp
that they are all standard.

Lemma 3.1. A subspace \C A is monomial if and only if it is invariant under
conjugation by x and y.

Proof. A monomial subspace is obviously invariant. AssWwhis invariant under
conjugation byx andy. Letv € A. Write

v=fo+ foy+-o+ fogyPt
wherefy, ..., fo-1 € F[X]. Then

p-1

Zp‘” fiy = xlvx) eV

i=0

for 0 < | < p, implying by a standard Vandermonde argument (based on the fa
that the matrixg) : 0 <, j < pis invertible) thatf;y' € V for each 0< i < p—1.
Now writing fi = 3; ai,j_x{' for @;j € F and conjugating by yields by the same
argument that each; jx'y' € V. Going over all the elements M, one obtains a
set of monomials ity spanningV. O

3.1. 3-dimensional Kummer spaces
We commence with Kummer spaces of dimension 3.

Remark 3.2. In the following cases, the space
U = Fx+ Fy+ Fx3y°

is Kummer: a= 1, b=1,a+b=0 (modp) and a+ b =1 (modp). In all of
these cases U is standard:

Fx+Fy+Fxy’ C Fy+F[ylx

Fx+Fy+Fxly ¢ Fx+F[x]y,
Fx+Fy+Fxy? c F(xyH)2+ F[xylly:
Fx+Fy+Fxy"™ < Flxy'y.



For every integea € Z, let (@), denote the unique residua)f = a (mod p)
such that &< (a), < p.

Proposition 3.3. Let U = Fx + Fy + Fx3y. Then U isnotKummer if and only if
there is some kK, invertible modulo p, such tia), + (kb), + (—K), < p.

Proof. For every positivé, j, kwith i+j+k < p, write Xxylx(x2yP)k = ¢jj X *kayikb
for a suitable constamt € Z[p], which is nonzero by Lemn{a32.7.

By Lemma2.6U is not Kummer if and only if there are some positiyg k
withi + j + k < p such that

G Tr(X ™@yIt0) = Tr(x syl (0@y?)*) # 0.

But the reduced trace of a non-central monomial is zerd) $® not Kummer if
and only if there are positivie j, k with i + j + k < p for which x*kayi+kb ¢ F
namelyi = —ka, j = —kb. O

Let (z) denoteF*zfor anyz € X,. Consider the subgroup of A*/F* gener-
ated byF*x andF*y. ClearlyG=Z/pZ x Z/ pZ.

Proposition 3.4. Given 3z, 2, zz € X,, the space
U=Fzi+Fz+F2z

is Kummer if and only if:
1. there are no i j with z; € (z), and
2. either(z,-rjl> = (z) for some permutatiofi, j, k} of {1, 2,3}, or <zlzgl> =
(2255") = (z:2%).
Proof. The first requirement follows from Proposition 2.4. Therefowe may
assume that any two ¢t ), (), (zs) generatés. By changing generators and the
choice of root of unity, we may assumage = x andz, = y. The condition then

translates toJ = Fx+ Fy + Fx3y° is Kummer if and only if one of the following
holds:

1. (xy*) = (xP), or equivalentlya+ b = 0;

2. (yy = (x&y°), or equivalentlya = 1;

3. (x) = (x""1), or equivalentlyp = 1;

4. <XY1> = (Xa_lyb> = (Xayb‘1>, or equivalentlya + b = 1.
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These are the cases listed in Reniark 3.2 as Kummer subspaddsremains to
show thatU is not Kummer in any other case. L&tb € Z/pZ be numbers such
thatx2y® is not in(x) or (y), and such that we are not in any of the four cases listed
above. Consider the vectaa, p, —1) overZ/pZ. It has no zero entries, no sum
of two entries is zero, and + b — 1 is nonzero. It was shown iMlO] that
there is some invertiblie € Z/pZ such that &K), + (bk), + (—k), < p, soU is not
Kummer by Proposition 31 3. m|

3.2. Kummer spaces of dimension greater than 3

Lemma 3.5. The space U= Fx+ Fy + Fx3y + Fx%y is not Kummer if there are
integers m¢ such tha < (am+ ct), + (bm+ df), + (-m), + (=)p < p.

Proof. Assume such integers exist. Then= x@Mp 5 ybmd0p o (xayb)=mp 4
(xy) % is a nonzero multiple of the scalaf2™ ey bmddp (xaypy(=mp (yCyd)(=Op
by Lemmd 2.V, so that Tn) # 0, and Lemm& 2]6 shows thidtis not Kummer.

O

Theorem 3.6.Every monomial Kummer space of dimension greater 8xahose
basis contains x and y is contained in either

e Vi(X) = F[X]y + FXx, or
e Vpi(y) = Flylx+ Fy, or
e Vi(V) = F[V]x+ Fv where v= (xy 1) forsomel < k < p- 1.

Proof. Let {x,y,u,w, ...} be the basis. Assume= xy andw = Xy for some
1< ki< p-1. Since(w) = <uk'1xi‘k'l>, one of the following holdsk = 1,
i—kl=1 (modp),k*+i-k!=i=0 (modp)ori =1 (modp). The case
of i = 0is out of the question. itk # 1 theni — k* = 1 (mod p), which means
thatki - 1 = k (mod p). For similar reasons we obtain frotm) = (wy<i")
thatki— 1 =i (mod p). Thereforek = i. However, in this case the condition
from Lemma3.b for not being Kummer holds for this space: take —1 and
€=2y-2ifi < B2 andm=-1andl = -1if B < (3),.

Assumeu = Xy andw = x*yX for some 1< k,i < p- 1. Since(w) =
(), eitherk = 1, -k — ik = 1 (modp), k- k- ik = ik = 0 (mod p)
or —ik = 1 (modp). Incasek = 1, w,u € F[x]y. Assumek # 1. The case
of —ik = 0 (modp) is impossible. Fromw) = <u‘ki71yk+kifl> we obtain that
either—kit = 1 (modp), k+ kit = 1 (modp), k = 0 ork = 1. The two last
options are out of the question. The first option implies -k (mod p) and the
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secondki + k =i (mod p). If i = -k (mod p) and-ik = 1 (mod p) thenk? = 1
(mod p) which meank = p— 1. In this casew, u € F[y]x. If i = -k (mod p)
and—k — ik = 1 (modp) thenk? - k-1 = 0 (mod p). However, in this case
the condition from LemmB_3.5 for not being Kummer holds fas thpace: take
m=-1andf =k+1if p%l <k, andm=2-kandf{=-1ifk < p%l fki+k=i
(mod p) and-k—ik = 1 (mod p) theni = p— 1. In this casew commutes witlv,
contradiction. Ifki+k =i (mod p) and—ik =1 (mod p) thenk=i+1 (mod p).
In this case, the condition from Lemral3.5 for not being Kumtrads for this
space: taken= ¢ = —1.

Assumeu = X'y andx*y<*! for some 1< i < p—1and 1< k < p- 2. Since
(w) = (ukixkikeD) eitherk = 0, -k —i(k + 1) = 1 (modp), 1-i(k+1) = 0
(mod p) or —i(k+ 1) = 0 (mod p). The first option is impossible. The last option
impliesk = p — 1, contradiction. Fromw) = <u"‘i71yk+1+"‘71>, either—ki* = 1
(modp), k+1+ki't =1 (modp), k = p—1ork = 0. The last two options
are impossible. The first option translated te —k (mod p) and the second to
k(i+1)=0 (modp),i.e.i=p-1.1fi = p—1thenw,ue F[u]x+ Fu. Assume
i =-k (modp)andi # p—1. If -k—i(k+1) =1 (modp) thenk? = 1 (mod p),
which meank = p— 1 ork = 1, contradiction. If - i(k + 1) = 0 (mod p) then
k> +k+1=0 (modp). In this case, however, the condition from Lemimd 3.5 for
not being Kummer holds for this space: take= —1 and{ = 2 + k.

If u=x*y*andw = x"'y thenu andw commute, contradiction. i = x ™y
andw = xy*! thenw, u € F[u]w + Fu.

In conclusion, if the basis contains a monomial of the fotynwith 2 < i <
p—2 then all the other basic elements must belornig[tdy. Similarly, if the basis
contains a monomial of the formy* with 2 < k < p — 2 then all the other basic
elements must belong fy]x. If the basis contains a monomial of the forTfy*
with 2 < k < p — 2 then all the other basic elements must belong[bo<y<]x +
xyK. If the basis contains the monomigy then all the other basic elements
must belong td=[X]y + F[y]x. If the basis contains the monomisit-ty then all
the other basic elements belongFpx]y + F[x'y]x. If the basis contains the
monomialxy”* then all the other basic elements belong{g]x+ F[x1y]x. The
monomial Kummer spaces that do not contain elements of thesfidy, xy*, x Ky
are contained ifr[x~1y]x. The statement follows immediately. O

All the arguments in this section can be repeated for anygfaronomials in
the basis of a monomial Kummer space, not puahdy. Therefore we obtain the
following:



Corollary 3.7. Every monomial Kummer space is standard. In particular, the
dimension of any monomial Kummer space is at mostlp

4. Kummer subspaces in the generic cyclic algebra of degrge

In this section we consider maximal Kummer subspaces in¢herg cyclic
algebra of degrep, and show that their dimension is at mpst 1.

The generic cyclic algebra is constructed as follows, whergiround field-
has characteristic prime fand containgth roots of unity: Let

T =F[XY: YX=pXY]

denote the quantum plane with the commutator specialized tet o = XP and
B = YP. Localizing at the centefy = F[XP, YP], we obtain the division algebra
D = (To \ {0})7T, which is cyclic over its own cente€ = q(To) = F(a,8). This
algebra is generic as a cyclic algebra, as we can spechli¢¢o a standard pair
of generators in any cyclic division algebra over

Every element ofT can be written uniquely as a polynomial of the form
Ziltlj=0 a;;X'Y! with codficientse;; € F. This induces a naturd x Z-grading
where the homogeneous components are monomia¥s Ynover F. We order
Z x Z lexicographically and denote by dégthe degree of, and by top() the
leading monomial ot € T, namely whent = ¥ a;X'YJ, degf) = (i, j) and
toptt) = a;X'Y! with (i, j) maximal such thaa; ; # O.

Remark 4.1. For every t,t, € T, top(t;t) = top(t,) top(t,).

Now letV C D be a Kummer subspace. Clearing denominators in a basis of
V over the center, we may writé = K - Vo whereV, C T is a (finite) module
overTp.

Propgsition 4.2. Letw,...,weT.IfV=Fv+---+Fv.c Dis Kummer then
soisV = Ftop(vy) + - - - + F top(w).

Proof. By Lemmd2.6, we only need to show that Tr(te = - - - = top(v)'x) = 0
for everyiy,...,ix > Owithi;+---+i, < p. Since top{y)"* *- - - xtop(w )’ is a mul-
tiple of topf)™ - - - top(vi)'s, we need only show that Tr(topg' - - - top(wi)') = 0.
But the fact tha¥ is Kummer implies Tr¢} = - - - xv¥) = 0, which in particular
implies that its cofficient of degree, degf.) +- - - + i, degf) is zero. This coffi-
cientis Tr(topyy)' - - - xtop()'v), @a nonzero multiple of Tr(top()"* - - - top(vi)'’*),
by Lemmd 277, so Tr(top()'": - - - top(v)'¥) = 0 as desired. O
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Remark 4.3. A Kummer subspace ¥ D has a basis contained in T and with
distinct degrees moduldzpx pZ.

Proof. Clearing denominators we may assume the basis elemgnts, vk are

in T. Fix an arbitrary linear order ofi/pZ x Z/pZ. The degree o € T now
denotes the maximal,(j) for which v has a monomial ifF[a, 8]X'Y!. If some
Vi, Vs (r < s) have the same degree, Igtandcs denote the cdécients of the
leading monomials, and replageg by c,vs — csv;. This does not changg Kv,.
Moreover the resulting vector cannot be zero because ohttependence ové.
And finally the degree vector ofy, ...,V has been lexicographically reduced,
establishing that the process is finite, culminating in tegiicd basis. O

Theorem 4.4. The dimension of a Kummer subspace of D is at mestiLp

Proof. Let V € D be a Kummer subspace. By Remark]4.3 there is a basis
Vi, ...,V 0f Vwhose elements are Thand have distinct degrees modyix pZ.

The space/ = Ftop(v) + --- + Ftop() is clearly monomial (with respect

to X, Y) and is Kummer by Propositién34.2. By Coroll&ry13.7, difi dim(V) <
p+1. O
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