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Question 1. Let n ≥ 2. Show that there is a short exact sequence of Z-modules

0→ Z f→ Z⊕ (Z/nZ)N g→ (Z/nZ)N → 0

which is not a split short exact sequence. Note (Z/nZ)N denotes the direct sum of N copies

of Z/nZ, consisting of infinite sequences of terms from Z/nZ having only a finite number of

nonzero terms.

Note: This shows that, while the above sequence may be exact for some choices of f and g, it

need be exact for all choices.

Question 2. Let R be a ring with identity. Show that R is a free R-module with rank one.

Question 3. The direct sum R = ZN, consisting of all integer sequences having only finitely

many nonzero terms, is a ring (without identity), with addition and multiplication defined com-

ponentwise. Show that R is not finitely generate as an R-module. In particular, it is not a free

R-module of rank one.

Question 4. Let M = Z × Z × . . . be the direct product of N copies of Z, so M consists

of all infinite integer sequences, with or without finite support. Let R = EndZ(M) denote the

endomorphism ring of the Z-module M . Show that R is a free module having bases of any finite

cardinality.

Hint: Consider the maps ϕ1(x1, x2, x3, . . .) = (x1, x3, x5, . . .), ϕ2(x1, x2, x3, . . .) = (x2, x4, x6, . . .),

ψ1(x1, x2, x3, . . .) = (x1, 0, x2, 0, x3, 0, . . .) and ψ2(x1, x2, x3, . . .) = (0, x1, 0, x2, 0, x3, . . .). Show

they are homomorphisms with ϕiψi = 1, ϕ1ψ2 = 0 = ϕ2ψ1 and ψ1ϕ1 + ψ2ϕ2 = 1. Then show

{ϕ1, ϕ2} is a basis, and use this to conclude R ∼= R2.
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